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Problems
Algebra

Al. Quadratic solitaire is a single-player game. To start the game, the player chooses two
distinct nonzero integers a and b and writes the equation 22 + ax + b = 0 on a blackboard. On
each turn, if the equation currently written on the blackboard has two distinct nonzero integer
solutions = u and x = v, then the player erases the equation and replaces it by one of the
equations 22 + ux +v = 0 or 22 4+ vz + u = 0 of their choosing. Otherwise, the game ends.
Determine all initial choices of a and b such that quadratic solitaire can be played forever.

The sunshine cost of a sequence ay, as, ..., ajg of integers is the largest possible value

of
|((11+CL2+"'+CLZ’)—CLJ'|
as ¢ and j vary over all integers 1,2,...,100.
Determine the smallest possible sunshine cost over all sequences ai,as, ..., a9 of pairwise

distinct integers.

Coral and Joey are playing the inekoalaty game, a two-player game whose rules depend
on a positive real number A which is known to both players. On the n'® turn of the game, the
following happens:

e If n is odd, Coral chooses a nonnegative real number z,, such that

x1+x2+---+xn<)\n.

e If n is even, Joey chooses a nonnegative real number x,, such that

2

x%+x§+---+xn<n.

All chosen numbers are known to both players. If a player cannot make a move, the game ends
and the other player wins.

Determine all values of A for which Coral has a winning strategy and all those for which Joey
has a winning strategy.

Let Z~q be the set of all nonnegative integers. Let f: Z-y — Z-o be an unbounded
function such that, if m and n are nonnegative integers satisfying

f(m +n) = max {f(0), f(1),..., f(m +n)},
then
fm+n)= f(m)+ f(n).
Prove that there exist positive integers A, B, C' and D such that for all nonnegative integers n,

f(An+ B) = Cn + D.

We say that f is unbounded if for each nonnegative integer N, there exists some nonnegative
integer n such that f(n) = N.
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Determine all integers n > 2 such that the polynomial

P(z,y,2) = 2" +y" + 2" — 2" *yz — oy" 2z — ayz" 2

can be written as P(x,y,2) = Q(z,y,2)R(z,y, 2), where Q(z,y,2) and R(x,y, z) are noncon-
stant polynomials with integer coefficients.

Let S be a set of positive integers, possibly infinite, such that no positive integer greater
than 1 divides all elements of S. Determine all non-periodic infinite sequences aq, as, as, ... of
positive integers such that, for all positive integers n,

e a, < |ayr— /| for all £in S, and

e a, = |a, ¢ — /| for at least one ¢ in S.

We say that an infinite sequence aq, as, as, ... is periodic if there exists a positive integer t such
that a,, = a,4¢ for all positive integers n.

For each integer k > 3, prove that there exists a unique tuple (z1,x9,...,z5) of

positive real numbers such that 1 > 2o > --- > x; and

1 1 1
{nm1+§|+{n:c2+§|+---+{nxk+§|=n

for every integer n.

Here |z| denotes the greatest integer less than or equal to z. For erxample, |—m| = —4 and
2] =[2.9] = 2.

Tim and Tam play a game. To start the game, Tim writes some nonzero real numbers,
not necessarily distinct, on a blackboard. In each round, the following happens:

e First, Tam chooses a polynomial Py(z) = apr®+ap_12" T+ - -4 a;x4ay whose coefficients
G, Ak_1,-..,01,ag are all of the numbers currently written on the blackboard in some
order. (For example, if the numbers on the blackboard are 4, —3, 4, then k = 2 and Tam
may choose the polynomial 422 —3x +4 or —3x? +4x +4 but not 4x — 3 or —32? —3x +4.)

e Then, if the equation Py(x) = 0 has no real solutions, the game is stopped. Otherwise,
Tim chooses a real number r such that Py(r) = 0 and writes it on the blackboard, so
there is now one more number on the blackboard.

Determine whether Tim can ensure that the game is never stopped, no matter what Tam does.
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Combinatorics

Let n = 3 be an integer, and let S,, be the set of points (z,y) in the plane such that
x and y are nonnegative integers and x + y < n. A line in the plane is called interesting if it is
not parallel to the z-axis, the y-axis, or the line x + y = 0.

Determine all nonnegative integers k such that there exist n lines satisfying both of the following:

e the union of the n lines contains every point of S,,, and

e exactly k of the lines are interesting.

C2. There is a row of n paddocks, labelled from left to right with the integers 1 to n,
where n > 3. Skippy the Kangaroo grazes in the paddocks according to the following rule:

If Skippy is grazing in paddock k, then she makes a sequence of k£ hops from a
paddock to an adjacent paddock. The first of the k hops is always to the right,
unless Skippy is in paddock n, in which case it is to the left. Each of the following
k — 1 hops is in the same direction as the previous hop, unless Skippy is in paddock
1 or n. Skippy grazes in the paddock that she is in after the k" hop.

For example, if n = 8 and Skippy is grazing in paddock 3, then the next four paddocks she
grazes in are 6, 4, 8 and 2, in this order.

Skippy continues grazing in this way indefinitely. A paddock is overgrazed if Skippy eventually
grazes in it, regardless of the paddock that she starts in. Determine all n > 3 for which there
is exactly one overgrazed paddock.

There are 2025 white balls and 2025 black balls arranged in a row. A balanced segment
is a contiguous nonempty segment of balls that contains the same number of white balls as black
balls. A balanced remowval is the operation of selecting a balanced segment S, removing all the
balls in S, and shifting left the balls that were to the right of S so that the remaining balls
form a contiguous row.

Determine the smallest positive integer N satisfying the following property: for every config-
uration of balls and for every integer k satisfying 0 < k < 2025, there exists a sequence of at
most N balanced removals after which there are exactly 2k remaining balls.

Bluey is placing lollies on a 1000 x 1000 grid. Initially, every cell of the grid is empty.
At each step, Bluey chooses a row or column in which the total number of lollies is a multiple
of 3, chooses an empty cell in this row or column, and places a lolly in it. If there is no such
row or column, Bluey stops.

Determine the maximum number of lollies that Bluey can place.

Let n be a positive integer, and let (a1, as, ..., a,) be any n-tuple of distinct integers.
An inversion is a pair (i, j) of integers satisfying 1 <i < j < n and @; > a;. An inversion (i, j)
is called odd if j —1 is odd. Let A be the number of all inversions, and let B be the number of
odd inversions.

(a) Prove that A < 5B for all n and all n-tuples (a1, as, ..., a,).

(b) Prove that there exist an n and an n-tuple (ay, as, ..., a,) for which A > 4.99B.
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On a 45 x 45 square grid there is an echidna. From any cell, the echidna can move
to any other cell that shares a side. The echidna makes a sequence of 2024 moves, after which
it has visited each cell exactly once. Prove that it is possible to write the numbers from 1 to
2025, one in each cell, in such a way that:

e For any pair of adjacent cells in the same row, the cell containing the larger number was
visited earlier.

e For any pair of adjacent cells in the same column, the cell containing the larger number
was visited later.

Let P be a regular 100-gon. An Aussie triangulation is formed by dividing P into a
set T' of non-overlapping triangles such that:

e there are exactly 2025 different points, including the 100 vertices of P, that are a vertex
of at least one triangle in 7', and

e no three of these 2025 points are collinear.

A quokkalateral is a convex quadrilateral that consists of two triangles in 7" sharing a common
side. Two quokkalaterals may share a triangle in 7.
Determine the minimum number of quokkalaterals among all Aussie triangulations.

Consider a 2025 x 2025 grid of unit squares. We place on the grid some number of
rectangular tiles, possibly of different sizes, such that each side of every tile lies on a grid line
and every unit square is covered by at most one tile.

Determine the minimum number of tiles we need to place so that each row and each column
has exactly one unit square that is not covered by any tile.
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Geometry

Let ABC' be a triangle such that Z A is obtuse. Let D and E be points on sides AB
and AC, respectively, such that BDEC' is cyclic. Suppose the circumcircle of triangle ADE
intersects side BC' at two points X and Y, where B, X, Y and C lie in that order. Let the
circumcircles of triangles BDX and CEY be €2 and I', respectively. Let P be a point such that
PD is tangent to 2 and PF is tangent to I'. Let ) be a point such that (B is tangent to €2
and QC' is tangent to I

Prove that points A, P and () are collinear.

Let ABC' be an acute-angled triangle. Let Iz and I be the excentres of triangle
ABC opposite B and C, respectively. Let E be a point on line BA such that ZEIgB = 90°.
Let F be a point on line C'A such that ZCIoF = 90°. Let the circle with centre Iz and radius
IgE intersect the segment IgB at X. Let the circle with centre /o and radius IoF' intersect
the segment IoC at Y.

Prove that BY is perpendicular to C'X.

The excentre of a triangle ABC opposite vertex B is the centre of the circle that is tangent to
line segment AC, to ray BA beyond A, and to ray BC beyond C. The excentre opposite C' is
similarly defined.

Let ABC be an acute-angled triangle with AB < AC'. Let I' be the circumcircle of
triangle ABC'. The perpendicular from B to AC intersects I' again at D # B. Let () be the
point on I' such that ) # B and AB = A(Q). Lines B(Q) and AC intersect at R. Line DR
intersects I' again at S # D. Segment BC' intersects the circumcircle of triangle QRS at T
Lines T'Q) and RS intersect at X.

Prove that C'X is perpendicular to AB.

Let © and I be circles centred at M and N, respectively, such that the radius of Q2
is smaller than the radius of I". Suppose circles 2 and I' intersect at two distinct points A and
B. Line M N intersects €2 at C' and I' at D, such that points C', M, N and D lie on the line in
that order. Let P be the circumcentre of triangle AC'D. Line AP intersects {2 again at F # A.
Line AP intersects I' again at F' # A. Let H be the orthocentre of triangle PM N.

Prove that the line passing through H parallel to AP is tangent to the circumcircle of trian-
gle BEF.

Let ABCD be a convex quadrilateral with ZADC' > 90°. Suppose that points X and
Y lie on diagonal AC' such that

/ADX = /YDC =90°, /CAD = /CBX, and /DCA= /YBA.

Let O be the circumcentre of triangle BXY. Suppose point R # O lies on the perpendicular
bisector of AC such that lines OR and AC' are parallel.
Prove that line RO bisects angle ZDRB.
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Let ABC be a triangle with /B > ZA > ZC. Let € be the circumcircle of tri-
angle ABC'. The lines tangent to () at points B and C intersect at P. Lines BP and AC
intersect at F. Lines C'P and AB intersect at F'. Let D be the reflection of point A in line
EF'. The circumcircles of triangles DEB and DFC intersect again at () # D. Lines DP and
BC intersect at Z.

Prove that points A, Z and () are collinear.

Let ABCD be a cyclic quadrilateral with circumcircle 2 such that CD > BD > B(C.
The tangents to €2 at B and C' meet at a point S. A line £ is called coastal if:

e / does not pass through A,
e [ intersects ray SD at a point X, beyond D, and

e there is a circle tangent to line ¢, line X,A, segment SB and segment SC.

Prove that there is a circle that is tangent to (2 and all coastal lines.
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Number Theory

Let n and k be positive integers such that n < k < 2n. Suppose ay,as, ..., a; are
positive integers such that 2% + 292 + ... 4 2% ig divisible by 2" — 1.
Show that at least three of ay, as, ..., a; have the same remainder when divided by n.

In an n x n board, for each 1 <i <n and 1 < j < n, the cell in the " row from the
bottom and ;' column from the left contains ged(i, j) leaves. A koala travels from the bottom
left corner to the top right corner. At each step, the koala moves up or to the right by a single
cell. The koala eats the leaves in each cell it visits, including the bottom left and top right
cells.

Determine the maximum number of leaves that the koala can eat.

Here ged(z,y) denotes the greatest common divisor of integers x and y.

An infinite sequence aq, as, . .. consists of positive integers, each of which has at least
four positive divisors. For each n > 1, a,,11 is the sum of the three largest proper divisors of a,,.
Determine all possible values of a;.

A proper divisor of a positive integer N is a divisor of N other than N.

Let Z-( be the set of positive integers. Determine all functions f: Z., — Z such that
for every n € Z-, and every positive divisor d of n, there exists a positive divisor e of n such
that n divides d + f(e).

The sequence of triples of positive integers (ay, bo, ¢o), (a1, b1,¢1), - . ., (a2025, b2025, C2025)
satisfies
(Gig1,bit1, Cip1) = (ai + ged(bi, ¢;), b + ged(ci, as), ¢; + ged(ay, bz))

for 0 < i < 2024.
Determine the smallest possible value of asgos.

Here ged(z,y) denotes the greatest common divisor of integers x and y.

For positive integers n and k, let fi(n) denote the remainder when n is divided by

2% — 1. A positive integer n is grouse if

(a) Prove that there are infinitely many grouse numbers.

b) Prove that there exists a positive integer M such that there are at most M 20252025
g
grouse numbers less than M.
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Let Z-o denote the set of positive integers. A function f : Z.g — Z-q is said to be
bonza if

f(a) divides b* — f(b)f(a)

for all positive integers a and b.
Determine the smallest constant ¢ such that f(n) < cn for any bonza function f and any
positive integer n.

Prove that there are finitely many prime numbers p such that

e p — 8 is a perfect square, and

e for all odd positive integers k < ,/p, the number p — k? has at most two distinct prime
factors.
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Solutions

Algebra

Quadratic solitaire is a single-player game. To start the game, the player chooses two
distinct nonzero integers a and b and writes the equation 22 4+ ax + b = 0 on a blackboard. On
each turn, if the equation currently written on the blackboard has two distinct nonzero integer
solutions © = u and x = v, then the player erases the equation and replaces it by one of the
equations 2% + ux +v = 0 or 22 + vz + u = 0 of their choosing. Otherwise, the game ends.
Determine all initial choices of @ and b such that quadratic solitaire can be played forever.

Answer: The only pair (a,b) for which quadratic solitaire can be played forever is (1, —2).

Solution 1. Let (a,b) be a pair of distinct nonzero integers such that quadratic solitaire can
be played forever. We will work with a sequence of turns for which quadratic solitaire goes on
forever. Consider a turn in that sequence where the equation 22 + sz + ¢t = 0 is replaced by
22 +uxr + v = 0.

Vieta’s formula gives t = uv. Since u is a nonzero integer, we have |t| = |uv| = |v]. The
value of |v| cannot decrease below zero, so there can be only finitely many turns with |u| # 1.
Therefore, if the game continues forever, then eventually [s| = |u| = 1 every turn. Vieta’s
formula s = —(u + v) then leads to the following three cases:

e If s =1and u =1, then v = —2. The equation 2% + ux +v = 2% + 2 —2 = 0 has solutions
{1, -2}, from which the player can continue playing quadratic solitaire forever.

o If s=—1and u= —1, then v = 2. The equation 22 + ux +v = 22> — 2 + 2 = 0 does not
have integer solutions, so the game ends.

o If {s,u} = {1,—1}, then v = 0, which is impossible.

In conclusion, we have shown that the only way for quadratic solitaire to continue forever is to
encounter the equation 22 + x — 2 = 0 at some turn.

Conversely, if 22 + 2 — 2 = 0 is the equation on the blackboard at the start of a turn, then
the equation written down on the previous turn had to be (x — 1)(z +2) = 2> + x — 2 = 0.
Therefore, in order to encounter the equation 22 + 2 —2 = 0 during some turn, the player must
have started with the same equation, implying that (a,b) = (1, —2).

Solution 2. We provide an alternative solution using a different monovariant. Asin Solution 1,
consider a turn where the equation 22 + sz 4+t = 0 is replaced by 22 + ux +v = 0.

Claim 1. wv # —1.

Proof. If uv = —1, then we would have {u,v} = {1,—1} because u and v are integers. In the
next turn, the new equations to consider would be 22 + 2 —1 = 0 and 2?2 — 2 + 1 = 0. Neither
of these has integer solutions, so the game would have ended. ]

Claim 2. s* +t? = u? + v? and equality holds if and only if uv = —2.

Proof. Since u and v are the two distinct solutions of 2% + sz +t = 0, Vieta’s formulas give
s =—(u+v) and t = uv. So, in order to prove that s* + t* > u? + v?, we need to show that
(u+v)? 4+ u?v? = u? + v This is equivalent to (uv + 1)* > 1, which is true since uv + 1 is a
nonzero integer by the previous claim. Equality holds if and only if uv = 0, —2. The former is
impossible as u, v are nonzero integers. ]
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Since the value of u? + v? cannot decrease below zero, there can be only finitely many turns
with uwv # —2. It remains to discuss what happens if uv = —2.

If uv = —2, then we must have {u,v} = {1, -2} or {u,v} = {—1,2}. From there, we get
four possible equations for the next turn:

e 12 + 2 —2=0: two integer solutions.

e 7> —2x + 1 = 0: one (repeated) integer solution.

e 22 — 1 + 2 = 0: no integer solutions.

e 22 + 22 — 1 = 0: no integer solutions.
Only the first equation allows the game to continue. The solution can be completed as before.

Comment. We are aware that some problems look superficially similar to this problem (for instance
EGMO 2024 Problem 1). Another example is China Girls Math Olympiad 2020 Problem 5, which
reads

Find all sequences of real numbers (by,),>1 and (¢y)n>1 such that b, < ¢, for every n > 1,
and {b,+1,cn+1} are the two solutions of the equation x2 + byx + ¢, = 0 for every n > 1.

Despite similarities in the statements, the problems themselves are different. Proving that z? + z — 2
is the only non-trivial monic quadratic polynomial whose roots are its coefficients is also a known
problem, but only contributes to a straightforward check at the end of the solution.
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The sunshine cost of a sequence aq, as, . . ., ajgo of integers is the largest possible value
of

|(CL1+CL2+"'+CLZ‘)—CLj|

as ¢ and j vary over all integers 1,2,...,100.
Determine the smallest possible sunshine cost over all sequences ay, ao, ..., ajgg of pairwise
distinct integers.

Answer: The smallest possible sunshine cost of such a sequence is 75.

Solution 1. We fix a sequence ay,as,...,a190 of pairwise distinct integers. We will first
prove that its sunshine cost C satisfies C' > 75. Let us denote the largest and the smallest
values achieved by the sequence by M and m, respectively. Let u,v € {1,2,...,100} be the
two indices such that a, = M and a, = m. Since the integers a; are pairwise distinct, we have
M —m = 99. We can further assume without loss of generality that M + m > 0, otherwise we
can instead consider the sequence —ay, —as, ..., —aj19o which also has sunshine cost C'. We will
now consider several cases depending on the values of m and wu.

o If m > —49, then by taking ¢ = 100 and 5 = v, we have
C=lag+ag+ -+ ago —ay| = a1 +as+ -+ ajgo — ay,
by definition of C' and because |z| > z. Since the integers a; are distinct, it holds that
a;+as+ - +ajg—a, =99m+1+2+---4+99 = 99(m + 50).
We conclude that C' > 99.
e If m < —50 and u = 1, then by taking ¢ = 1 and j = v, we get C' = |a1—a,| = M—m = 99.

o If m < —50 and u > 2, then by first considering ¢« = uw — 1 and j = u, we obtain
C =a,—(a; + -+ ay_1), since |z| = +x. Then, by taking i = v and j = v, we also
have C' = (a; + - -+ + a,) — a,. Hence,

2C = ay—(a1+- - -+ay 1)+ (a1+- - -+ay,)—a, = 2a,—a, = 2M —m = 2(M+m)—3m = 150,
and thus C = 75.

In conclusion, we do indeed have C' > 75 in all cases.
We now construct a sequence aq,as,...,ajg of pairwise distinct integers whose sunshine
cost is equal to 75. Consider for instance the sequence

25, —50, 50, —49,49, ..., —26,26, —25,24, —24,23,...,1, —1.

Notice that, in this example, —25 < ay + as + --- + a; < 25 for every ¢ = 1,2,...,100. This
implies |(a1 + a2 + -+ - + a;) — a;| < 75 with equality achieved for i = 1 and j = 2. Therefore,
the sunshine cost of this sequence is 75.

Another example is the sequence

1,-2,3,—4,..., —48,49, —50,50, —49,48, ...,4,—3,2, —1.

It also satisfies —25 < ay + ag + - -+ + a; < 25 for every i = 1,2,...,100 and |[(a; +ag + --- +
a;) — a;j| < 75. Equality is now achieved for ¢ = 50 and j = 51 (or for ¢ = 51 and j = 50).
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Solution 2. We give an alternative argument to prove that the sunshine cost C' of a sequence

ai, as, ..., a0 of pairwise distinct integers satisfies C' = 75. We use the same notation as in
Solution 1.
First, consider the case where |a;| < 49 for every i = 2. This implies that {as, as, ..., a100} =

{—49,—48,...,48,49} and |a;| = 50 because the a; are pairwise distinct. If a; > 0, then by
taking i = 1 and j to be the (unique) index such that a; = —49, we obtain C' > |a; — a;| = 99.
If instead a; < 0, then by taking i = 1 and j to be the (unique) index such that a; = 49, we
similarly obtain C' > |a; — a;| = 99.

We will now assume that |a;| = 50 for some index ¢ > 2. We may assume without loss

of generality that a; > 50, since otherwise, we can consider the sequence —ay, —as, ..., —aigo
instead. Let S and s respectively denote the largest and the smallest values of the partial sums
ap,ay + as,...,a1 + as + - + ajgo. With this notation, we have

C' = max (|s — M|,|S —m]).

Note that
S—s)(a1+a2+---+ai)—(a1+a2+---+ai71)=ai>50.

Combining the above with the triangle inequality and M — m > 99, we obtain
20z s=M|+|S—m|=|M—-m+S—s|=M-m+S5—s=149.
Since C' is an integer, we conclude that C' > 75.

Comment. The index 100 in the problem statement can be replaced by any other positive integer n.
The smallest possible sunshine cost of a sequence of pairwise distinct integers is then given by

3k—1 ifn=4k—2or 4k — 1,
3k if n =4k or 4k + 1.

For instance, when n € {2700,2701}, then the answer to the problem is 2025. Similar solutions will
work in general, but several steps may be slightly more tedious when n is not a multiple of 4.
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Coral and Joey are playing the inekoalaty game, a two-player game whose rules depend
on a positive real number A which is known to both players. On the n'™ turn of the game, the
following happens:

e If n is odd, Coral chooses a nonnegative real number z,, such that

x1+x2+---+xn<)\n.

e If n is even, Joey chooses a nonnegative real number x,, such that
2 2 2
rit+axy+ -+ x, <n.

All chosen numbers are known to both players. If a player cannot make a move, the game ends
and the other player wins.

Determine all values of A for which Coral has a winning strategy and all those for which
Joey has a winning strategy.

Answer:

(a) If A < \/Li’ then Joey has a winning strategy.
(b) If A > \%, then Coral has a winning strategy.

(c) When A = \/Li’ then neither player has a winning strategy.

Solution. We consider all three regimes individually.

(a) We start with the case A < \/Lﬁ We will prove that a winning strategy for Joey consists
of choosing the largest possible number every turn. More precisely, Joey will choose

_ ./ 2
Tok = A2 — Ty

during every even turn of the inekoalaty game.
On the first turn, Coral chooses a nonnegative number x; < A. Since A\ < \/Li’ it follows

that 2—z? > 0 and therefore Joey can choose x5 to be /2 — 3, which ensures 234235 = 2.
On the third turn, Coral has to choose a nonnegative number z3 such that x| + zo + 3 <
3\. Either she cannot and Joey wins, or the largest number z3 she can choose must

satisty
T3 <3A—x1—4/2—22 <3N —V2 <\

We used here that z + /2 — 22 = /2 for all z € [0,+/2], which can be established by
squaring both sides. Now, since z3 < , it follows that 2— 3 > 0 and so Joey may choose
T4 = /2 — z%, which gives z7 + 23 + 23 + 27 = 4. By repeating the same argument,
we can inductively prove that, as long as Joey keeps choosing o, = 4/2 — 22, |, then
Coral either loses in the next turn or must choose a nonnegative number xo;,, satisfying
Torr1 < A. In other words, Joey’s strategy is valid and ensures that he will always be
able to make a legal move, while all numbers chosen by Coral are smaller than A. On the
other hand, Joey’s strategy also implies that

k
I1+$2+"'+l’2k22($2i71+ 2—])%Z~_1) Zk\/i,

i=1

where we used x 4+ /2 — 22 > +/2 again. Consequently, as soon as k is large enough such
that kv/2 > A(2k + 1) (such a k necessarily exists since \ < \/ii), then Coral does not
have a legal move on turn 2k 4+ 1 and Joey wins.
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(b)

Let us next consider the case where A > \/LE Coral’s winning strategy consists of choosing
x, = 0 for several turns starting from the beginning, and then choosing x,, to be “large”
on a later turn. We will now make this strategy precise and prove that it works.

We first show that Coral can choose x,, = 0 for as many consecutive turns as she wishes.
This is obviously possible on the first turn. After 2k turns, if Coral chose x,, = 0 on turns
n=13,...,2k—1, then

x1+x2+---+:€2k=x2+x4+---+$2k<\/k(x§+xﬁ+---+x§k),

by the AM-QM inequality. Assuming that Joey has not lost yet, it must hold that
23 + 22 + -+ + 12, < 2k, which implies 71 + 29 + - + Top < kvV/2 < A\(2k + 1) because
A > Lz This means that Coral can legally choose zor.1 = 0 on turn 2k + 1, no matter
what the numbers chosen by Joey so far are. More precisely, Coral can actually choose
Torpy1 to be any nonnegative number satisfying

Tops1 S M2k 4+ 1) —kvV2 = B(2X —V2) + A

Note that this upper bound on z 1 gets arbitrarily large as k increases, since 2A—/2 > 0.

We are now ready to describe Coral’s winning strategy. Let ¢ be a large enough integer

such that
02+ /20 +2 -
20 +1

Coral’s strategy is to choose x,, = 0 on turns

A

1

Such an ¢ always exists since A\ > 7

n=1,3,...,20 —1 and then choose
Top+1 = /\(26 + 1) - f\/?

on turn 2¢ + 1. We already proved that these choices are always legal, no matter what
Joey’s decisions were. Now, observe that

by the definitions of x9,,1 and ¢. This implies that Joey has no legal move on turn 2¢ + 2
and therefore loses the game.

Finally, we consider the case where A = We will prove that neither player has a

o

winning strategy in that case. The same argument as in part (a) shows that Joey can

Q

always make a legal move by choosing xor = 4/2 — 22, _, on turn 2k and is therefore sure

to never lose. Similarly, by the argument in part (b), Coral can always make a legal move
by choosing xor+1 = 0 on turn 2k + 1 and is therefore sure to never lose.
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Let Z~¢ be the set of all nonnegative integers. Let f: Z-y — Z=o be an unbounded
function such that, if m and n are nonnegative integers satisfying

f(m+n)= max{f(()),f(l),...,f(m—i—n)},

then
fm+n) = f(m)+ f(n).
Prove that there exist positive integers A, B, C' and D such that for all nonnegative integers
n, f(An+ B) = Cn + D.

We say that f is unbounded if for each nonnegative integer N, there exists some nonnegative
integer n such that f(n) = N.

Solution 1. Let f be an unbounded function that satisfies the condition in the problem
statement. An integer a = 0 is called big if f(b) < f(a) for all b < a. When a is big, we have
f(a) = f(b) + f(a —b) for all b < a, by the condition on f. In particular, since 0 is big, we
have f(0) = f(0) + f(0), and hence f(0) = 0. We will also say that an integer a > 0 is huge if
f(b) < f(a) for all b < a. In particular, 0 is huge and huge integers are big.

Claim 1.1. There are infinitely many huge integers.

Proof. If there were only finitely many huge integers, then the largest one would be an upper
bound on f. ]

Claim 1.2. f(n) =1 for every n > 1.
Proof. By Claim 1.1, for every n > 1, there exists a huge integer a > n. Hence, f(n) =
f(a) = fla—mn) > 0. ]
Claim 1.3. All big integers are huge.

Proof. Recall that 0 is both big and huge. If @ = 1 were big but not huge, then there would
exist an integer b with 0 < b < a such that f(b) = f(a). Since a is big, f(a) = f(b) + f(a —b)
and so f(a —b) = 0. This contradicts Claim 1.2 because a — b > 1. ]

If a is huge, we denote by a® the next huge integer greater than a.
Claim 1.4. If a is huge and n = 0 is an integer with n < a® and n # a, then f(n) < f(a).

Proof. As a is huge, the conclusion immediately follows if n < a. Now take m to be the least
integer m > a such that f(m) > f(a). The minimality assumption on m implies that m is big,
and thus huge by Claim 1.3. Thus m = a™ and the claim follows. ]

+

Claim 1.5. If a is huge and m > 1 is an integer with m < at and m # a* — a, then

f(m) > f(a® - a).
Proof. We apply Claim 1.4 with n = a* —m < a™ and obtain f(a) > f(a* —m). This gives

f(m) = f(a") = f(a" —m) > f(a") = f(a) = f(a" —a). O

Let C be the smallest positive value f takes, and let A be the smallest positive integer such
that f(A) = C. Let B be a huge integer with B > A. Considering Claim 1.5 with a = B
and m = A, we have 1 < A < BT, but f(A) > f(B" — B) is false by minimality of f(A), so
A= B* — B. Hence B* = A+ B is huge, and f(A+ B) = f(A) + f(B) = C + f(B).

We now prove by induction that, for any nonnegative integer n, An + B is huge, and
f(An+ B) = Cn+ f(B); the n = 0 case is clear and n = 1 is proved above. Again considering
Claim 1.5, with m = A and a = An + B, we have 1 < A < (An + B)*, but f(A) > f((An +
B)t —(An + B)) is false, so A = (An+ B)* — (An + B), hence (An+ B)" = A(n+ 1)+ B. So
A(n+1) + B is huge and f(A(n+ 1) + B) = f(An + B) + f(A), which by induction is equal
to C(n+ 1) + f(B). The conclusion then follows after taking D = f(B).
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Solution 2. Proceed as in Solution 1, noting that f(0) = 0, up to the end of Claim 1.1. We
consider A > 1 to be any integer such that f(A) is the smallest positive value of f. We use the
same terminology as in Solution 1.

Claim 2.1. 1If a is big and a > A, then a — A is also big.
Proof. For any n < a — A, using the fact that a is big and f(A) < f(a — n), we have

fla=A) = f(a) = f(A) = f(a) = fla—n) = f(n). [

Claim 2.2. There exists an integer B such that 1 < B < A and nA + B is big for any n > 1.

Proof. By Claim 1.1 of Solution 1, there are infinitely many big integers. By the infinite
pigeonhole principle, some residue class modulo A contains infinitely many big numbers. In
other words, there exists 1 < B < A such that there are infinitely many big numbers of the
form nA + B. Claim 2.1 says that if nA + B is big and n > 1, then (n — 1)A + B is also big.
So, all integers of the form nA + B are indeed big for n > 1. O

Claim 2.2 implies that, for every n > 1,
fnA+B) = f((n—1)A+ B) + f(A) =--- = nf(A) + f(B).

Setting C' = f(A) and D = f(B), we get the desired conclusion.
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Determine all integers n > 2 such that the polynomial

P(z,y,2) = a" +y" + 2" — 2" 2yz — ay™ %z — ays" 2
can be written as P(xz,y,2) = Q(z,y, 2)R(z,y, 2), where Q(z,y,2) and R(x,y, z) are noncon-
stant polynomials with integer coefficients.

Answer: The only n for which the polynomial can be factored is n = 3.

Solution 1. For a polynomial S with integer coefficients, if it cannot be factored as AB for
nonconstant polynomials A and B with integer coefficients, we say that S is irreducible.

Note that homogeneous polynomials can only be factored into homogeneous polynomials, so
if P(x,y,z) = Q(x,y,2)R(z,y,z), where Q(z,y,z) and R(x,y, z) are nonconstant, this would
mean that Q(z,y, z) and R(zx,y, z) both have degree at most n — 1 in each of z,y, z. Also, note
that viewed as a polynomial in x, the leading coefficient of P is 1. This in particular means
that viewed as polynomials in z, the leading coefficients of () and R must also be +1, so if we
plug in y = 2 or particular values of y and z, the resulting () and R remain nonconstant in x.

The strategy is to consider the polynomial P(x,y, —y) and divide into two cases according
to the parity of n.

Case 1: n s even.

For n = 2k,

P(z,y, —y) = 2°% + 29" + 2% 2y,

If we plug in y = 1, this is

2k—2

22k 4+ + 2.

Lemma. The polynomial S(z) = 2?* + 2%~2 + 2 cannot be factored into A(z)B(z) for polyno-
mials A(z), B(x) with integer coefficients of degree less than 2k.

Proof. For k = 1, we have that S(x) = x? + 3, which is clearly irreducible. We now assume that
k = 2. Suppose for the sake of contradiction that a factorisation S(z) = A(x)B(z) exists. We
may assume that A(x) and B(z) both have leading coefficient 1.

Note that A(z)B(z) = S(z) = 2?*72(2? + 1) (mod 2). Let A(z) and B(x) denote the
reductions of A(z) and B(z) modulo 2. Since the product of the constant terms of A(z) and
B(z) is 2, the constant terms of A(z) and B(z) cannot both be even, so the constant terms
of A(r) and B(z) cannot both be 0. Thus, one of them is not a multiple of z. Without loss
of generality, suppose it is A(z). Because A(z)B(z) = 2%~ 2(2% + 1), and polynomials factor
uniquely, this means A(z) divides 22 + 1, which in particular means it has degree either 1 or 2.

Since A(z) and B(x) have leading coefficient 1, we know that A(x) and B(x) have the same
degrees as A(x) and B(z), respectively. Since S(z) clearly does not have an integer root (or,
indeed, even a real root), we know that A(z) cannot have degree 1. Thus A(z) has degree 2.

Since A(zx) has leading coefficient 1 and final coefficient +1 (since the final coefficient is a
factor of 2), it must be 224 2mz £ 1. If m = 0 then 2? + 2mz + 1 does not divide S(z), because
2?4+ 1 has i or 1 as a root, and S(z) does not. For any other m € Z, ? + 2mz £ 1 has a real
solution, which S(z) does not have. N

We conclude that the polynomial 22* + 292 + 22%=292 is irreducible, which implies that
P(z,y, z) is irreducible too.

Comment. The above lemma can be viewed as a consequence of a natural generalisation of Eisenstein’s
criterion, and the proof for it is inspired by the proof of Eisenstein’s criterion.

Case 2: n 18 odd.
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For n =2k + 1, plug in

P(z,y, —y) = 2251 1 226l 4 o2y = p(a 4 p22y2 | 9y
Applying the lemma above, 2%* + 22%=2¢? 4+ 2% is irreducible, so if P(x,y,2) factors, then
one of the factors (which are homogeneous) has degree 2k, and the other has degree 1. Also,
both factors have leading coefficient 1 in x, so the degree 1 term has the form x + ay + az. By
applying symmetric arguments to P(z,—x,z) and P(—z,y, z), we see that the coefficients of
x,y,z are all the same, so a = 1. Thus, the factor is x + y + z. In other words, if P(x,y, 2)
factors into Q(x,y, z)R(x,y, z), then one of the factors must be z +y+ 2. In this case, plugging
in (x,y,2) = (2,—1,—1), we get that t + y + z = 0, so

0=P(2,—1,-1) =22+l 1 1 9% 1 9 9_92+l 9%l _g_o¥l.3 g

implying £ = 1 and n = 3. For n = 3, the polynomial can be factored as
Pyt By =ty + )@ P22y — gz — 2).

In conclusion, the only n for which the polynomial can be factored is n = 3.

Solution 2. Note that for n = 2, P(x,y,2) = 2?4+ y? + 2 — vy — yz — 2. Clearly P(x,1,0) =
x? — x + 1 is irreducible over Z, as it does not have an integer root. Thus, P(z,y,z2) is
irreducible over Z. For m = 3, the polynomial can be factored as 23 + y3 + 2° — 3zyz =
(r+y+2)(x? +y*+ 22 — ry — yz — 2x). We now assume that n > 3.

Observe that

P(x,y,y) = 2" +2y" — 2" %y* — 2z

= " — xn—ly + l,n—ly _ xn—2y2 _ 2Iyn_1 + Qyn

= (z—y)(a""! +fr” 2y —2y"
= (z—y)(a" " - y+2rr y—2y”‘1)
= (z—y)* (" ( Byt a4y )
n—2
_ (.CL' . y)2 <$n2 ) Z ankyk> .
k=1

Plugging in y = 1 into the factor 2" 2 + 2377 7 z7 27kyk gives 22 + 237 24" 2% which
is irreducible by Eisenstein’s criterion. Thus, if P(z,y, z) factors, it must have an irreducible
factor of degree at least n — 2.

Case 1: P(x,y,z) has an irreducible factor of degree 1.

Suppose this factor is Q(z,y, z) = ax+by+cz for integers a, b, c. If the integers a, b, ¢ are not
all equal, then by noting that P(x,y, z) is cyclically symmetric, that is P(x,y, z) = P(y, z,x) =
P(z,x,y), we see that Q(z, vy, 2), Q(y, z,x) and Q(z, z,y) are all factors of P(z,y, z). Note that
Q(z,y, z) cannot be a multiple of Q(y, z,x); otherwise, if Q(y, z,x) = 7Q(x,y, z) for rational
7, then @ = 7b,b = 7c and ¢ = 7a. This means that a = 73a, b = 72b and ¢ = T3¢, and since
a,b, c cannot all be zero, we must have 73 =1, s0 7 = 1.

Thus P(x,y, z) has a factor Q(x,y, 2)Q(y, z, 2)Q(z, z,y) of degree 3 that factors into three
factors of degree 1, which contradicts the earlier statement that it has an irreducible factor of
degree at least n — 2. We conclude that a, b, c must all be equal. So the degree one factor is
x + y + z, which, as in the previous solution, is only a factor of P(x,y, z) for n = 3.

Case 2: P(x,y,z) has an irreducible factor of degree 2 (and no irreducible factor of degree 1).
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There is an irreducible degree 2 factor Q(x, vy, z) such that Q(z,y,y) = (z — y)? and there
are no irreducible factors of degree 1. Using a similar symmetry argument to the previous case,
we can see that

Q(x,y,2) = Ma* + y* + 2%) + pu(zy + yz + 22)

for integers X and p. Since Q(z,y,y) = (x — y)?, we have that A = 1 and u = —1. Thus,
Qr,y,2) =2* + > + 2° — (zy + yz + 22) = (2 + wr + WY) (2 + W'z + WyY),
where w is a primitive cubic root of unity. Thus,
P(z,y, —wr — w?y) = Q(z,y, —wz — w?y)R(z,y, —wr — w?y) = 0.

In particular, P(z,0, —wx) = 0, so 2" + (—wx)™ = 0 for all z, which can only happen if n =3
(mod 6).

In the case when n = 3 (mod 6) and n > 9 (the latter inequality is because we are assuming
n = 4, having dealt with the cases of n = 2, 3 separately), if we consider T'(z,y) = P(z,y, —wr—

w?y), we get

2y(x 4+ wy) + wry" 2z + wy) + wry(z + wy)™ 2

T(x,y) =2"+y" — (v + wy)" +wz""
For n = 4, the coefficient of "1y is —(n — 2)w # 0, so T'(z,y) # 0, which is a contradiction.
Thus, this case is impossible.

Comment. Over C, the polynomial P(z,y, z) for n = 2 factors as
P(z,y,2) = (z + wy + w?2)(x + W2y + wz),

where w is again a primitive cubic root of unity. For n > 4, it turns out that the polynomial P(x,y, z)
is also irreducible over C. This can be seen as follows. By Gauss’ Lemma applied to Z|y, z], the poly-
nomial P(x,y, z) being irreducible over Z implies it being irreducible over Q. Then its indecomposable
factors in the unique factorisation domain C[z, y, z] must be Galois conjugate to each other, and hence
it must be of the form
P(:L',y,z) = H UQ(JJ,y,Z),
o: K—C

where Q(x,y, z) is a monic polynomial in z, irreducible over C, and K is the number field generated
by the coefficients of ). We now formally expand P around the point (1,1, 1) and compute that

P(1+z,1+y,1) = (2n — 3)(2* — 2y + y*) + (higher order terms) = H Ql+z,1+y,1).
o: K—C

Because 7Q(1,1,1) = 0 for at least one o, it is zero for all o. Assuming for the sake of contradiction
that K # Q, we conclude that [K : Q] = 2. Moreover, the lowest degree terms of Q(1 + z,1 + y,1)
must be of the form a(z + w™y) for 1 < m < 2, and hence K = Q(w). At this point, we set x = 0 and
y =z =1 to obtain

P(0,1,1) =2 = Q(0,1,1)°Q(0,1,1),

where o now denotes the nontrivial automorphism of Q(w). But we check that there is no o € Q(w)
satisfying ao(a) = 2, showing that P is irreducible.
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Let S be a set of positive integers, possibly infinite, such that no positive integer greater
than 1 divides all elements of S. Determine all non-periodic infinite sequences aq, as, as, ... of
positive integers such that, for all positive integers n,

e a, < l|ayr— /| for all £in S, and

e a, = |a, ¢ — /| for at least one £ in S.

We say that an infinite sequence aq, as, as, . .. is periodic if there exists a positive integer t such
that a, = a,y¢ for all positive integers n.

Answer: The only sequences satisfying the conditions of the problem are of the form a, = n+c
for an integer ¢ > 0.

Solution 1. Sequences of the type a, = n + ¢ work because
an=n+c=|n+l+c—"L =|aye— ¢ forall £in S.

We now show that these are the only sequences satisfying the desired properties. Let S be a
set of integers and aq, as, as, ... a non-periodic sequence of integers satisfying the conditions in
the problem statement. The proof is split into different claims.

Claim 1.1. The sequence aq, as, az, ... is unbounded.

Proof. Suppose for the sake of contradiction that it is bounded, that is, there exists a constant C
such that a, < C for all n > 1. Then, for all £ > 2C' in S,

ap < ¢ — Ante = |an+l _£|

Therefore, for every n > 1, the elements ¢ in S for which a,, = |a,4¢ — ¢| (there is at least one)
satisfy ¢ < 2C.

For each n > 1, define the tuple L, = (a1, an42,- ., 0ni2c). Using the equality condition
repeatedly, the tuple L, uniquely characterises the value of a,, and hence L, ;. Therefore,
inductively, L,, determines the values of L,, for all m < n.

Let L be a tuple such that L. = L, for infinitely many n. This exists by the infinite
pigeonhole principle, as the number of possible tuples is at most C?¢. Let n; < ny < ... be the
subsequence of indices with L,,, = L. Because of the previous observation, n;;1 —n; is constant
and so ay, as, as, ... is periodic with period ny —n;. This is a contradiction, hence the sequence
cannot be bounded. ]

Let T be a finite subset of S whose elements have greatest common divisor 1. Denote by
M the largest element of 1. Bézout’s Lemma gives the following:

Fact. There exists a positive integer K such that all integers larger than K can be expressed
as the sum of (not necessarily distinct) elements of 7.

Claim 1.2. There exists a positive integer N such that a,, > M for all n > N.

Proof. Note that if a, < M, then for all t € T', we have that a, ; < |a, —t| < M since t < M.
Thus, a, 4, ...¢; < M for all t;,...,t; € T. This means that a, < M for all £ > K and so,
by definition of K, a,, < M for every m < n— K. Hence, if a,, < M for infinitely many n, then
a, < M for all n, contradicting Claim 1.1. ]

*To prove this, let T' = {t1,to,...,t;} and K = (t;+t2+...+t;)?. Suppose m > K. The generalised Bézout’s
Lemma implies that there exist wq,ws, ..., wi € Z such that m = wit; + wats + - - - + wity. Suppose w; < 0.
Then the inequlity m > K implies that there exist j with w; > ¢;. Replace (w;,w;) by (w; +t;, w; —t;). This
gives another solution where the sum of the negative w; has increased. Repeating this process must terminate
at a solution to m = wit; + wate + « -+ + wyty with all w; = 0.
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We introduce the sequence b, = a,, — n.
Claim 1.3. We have that b, < b, for alln > N and k£ > K.

Proof. It n > N and t € T, then it cannot be the case that a,,; <t — a,, as this would mean
that a,.; <t— M < 0, a contradiction. So, the condition a,, < |a,1; —t| becomes a,, < ;14—
when n > N. The latter can be rewritten as b, < b,.; for all n > N and t € T. Thus, by
definiton of K, we have that b, < b,y for all £ > K. O

Claim 1.4. The sequence b, is eventually constant.

Proof. We will repeatedly use the following observation: if there exists an integer B such that
b, < B for infinitely many indices m, then by, by, b3, ... is eventually bounded by B. Indeed,
for all n > N, there exists m > n+ K with b,, < B, which means that m —n > K and therefore
bn < bn+(mfn) = bm <B by Claim 1.3.

Next, we prove that by, bs, b3, ... is bounded. If the sequence was not bounded, then it
would also not be eventually bounded by any integer B. Taking B to be positive and larger
than some elements in the sequence by, by, b3, . .., the contrapositive of the previous observation
would imply that there is an index m such that b,, < B and b, > B for all n > m. Now, there
exists £ in S such that a,, = |amie — | = |bpre + m| = byie +m. Hence, by, = b,, < B which
is a contradiction.

Because by, ba, b3, . .. is bounded, if it was not eventually constant, then the sequence would
take at least two different values infinitely many times. But this contradicts the initial obser-
vation. ]

To conclude, Claim 1.4 implies that there exists a positive integer L and an integer ¢ such
that a,, =n +b, =n+cfor all n = L. Let L be the smallest positive integer satisfying this
property. If L > 2, then there would exist ¢ in S such that ay 1 = |ag_14¢ — | = |c+ L —1].
Since ¢ = by, = ar, — L, then ¢+ L > 1 and thus a;_; = L — 1 + ¢, a contradiction to the
minimality of L. So L =1 and a,, = n + ¢ for every n > 1. Since a; > 1, we must have ¢ = 0
which concludes the proof.

Solution 2. Asin Solution 1, we start by proving that the sequence ay, as, as, . . . is unbounded
and use it to prove the following stronger statement:
Claim 2.1. For any positive integers n and m, the subsequence a,, G,im, Gniom, ... 1S un-
bounded.
Proof. Suppose otherwise, that there exist such bounded subsequences. Let m be the smallest
positive integer for which there exists n such that a,, anim, @Gniom, ... is bounded. Note that
m > 1, else the sequence ay, as, as, ... will be bounded.

Take some ¢ in S such that d = ged(¢,m) < m. This must exist since the ged of all the
elements of S is 1. Since m is assumed to be minimal, the subsequence a,,, @, 4, ni24, ... will

be unbounded. Pick N = n (mod d) such that ay > ¢. Note that ay < |ay¢ — ¢|. Since
ay > {, this means that ay,, > ¢ as well, which means that ay, > ay +£¢. A simple induction
shows that ayyre = an + k¢ for all positive integers k.

By Bézout’s Lemma and since d = ged(¢,m) | N — n, there exist infinitely many positive
integers 7, j such that jm — i/ = N —n and thus a,4;m = ays+ie = ay + 0. This means that
An+jm is unbounded, which gives a contradiction. ]

Claim 2.2. For all £in S, there exists ¢, > 1, such that for every n > ¢;, we have a,,,, = a,, + /.

Proof. Take any residue 1 < r < £ modulo /. By Claim 2.1, the subsequence a,., @, ¢, Gy.2¢, ... is
unbounded. Hence, there exists a, 5 > . Since a,4ps < |@rq(hs1)e — €|, this forces a,4 (k1) > ¢
as well, meaning that a, (4+1)¢ = @r4xe + £. A simple induction shows that for any m > k,
Gy (m1)t 2 Qrgme + L.

Hence, a,,¢ = a, + ¢ for sufficiently large n in each residue class modulo ¢, meaning that
anye = a, + £ for all sufficiently large n. O
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By the property of S, there exist numbers 1, s, ..., {; in S such that ged(lq, lo, ..., 6) = 1.
As in the Fact in Solution 1, we note that any sufficiently large m can be represented as
m = wily + waly + - - - + wily for some nonnegative integers wy, wy, . . ., Wy.
Claim 2.3. There exists some positive integer N such that, for all m,n > N, we have a,,.,, =
a, + m. In particular, we have a,, = n — N for every n > 2N.

Proof. We take N larger than ¢, cy,, . .. ,Cgk from Claim 2.2 and large enough such that every
m = N can be written as wf; +wylo +-- -+ wkﬁk for some nonnegative integers wy, wo, . . . , Wg.
For n,m > N, writing m = w1l + wyly + - - - + wil), and applying Claim 2.2 several times, we

have
k

Unim = Qb s 2 o + ) wils = a, +m. 0
i=1

Claim 2.4. For every n = 2N and every m = N, we have a,,.,, = a, + m.

Proof. Fix n = 2N. We first show that there are infinitely many m such that a,,,,, = a,, + m.
First, there exists s1 in S such that a,, = |a,.s, —s1|- Since n+s; = 2N, it follows by Claim 2.3
that a,4+s, = n+ 51 — N > 51, so that a,, = a5, — 51. Similarly, there exists s, in .S for which
Qpgsytsy = Onts, + S2 = a, + S1 + So. Continuing this process, we find infinitely many m such
that a,,, = a, + m.

Recall that if m > N, then a,,,, = a, + m by Claim 2.3. Given m > N, there exists
M = N + m such that a,,,y = a, + M. Then,

parg = o + M —m=a, +m+ M —m =a, + M.
However, since a,, .y = a, + M, the inequalities must be equalities. Hence, a,,, = a, + m for

every n = 2N and every m > N. ]

Claim 2.5. For any n = 2N, ap+q = a, + 1.

Proof. If m = N, then by Claim 2.4, a, + m + 1 = ayym+1 = any1 +m which gives the desired
result. ]

We now conclude in the same way as in Solution 1. Claim 2.5 gives a,,,1 = a, + 1 for all
n = 2N. In particular, aon_14¢ = aoy — 1 + ¢ = £ for every £ in S. Hence,

asy—1 = min(asy 11¢ — £) = min(agy — 1 + 0 —¥0) = agy — 1.
LesS eS

Repeating this argument, we have a,, 1 = a, +1 for all positive integers n. Therefore, a,, = n+c
for some integer constant c. Since a; = 1, we must have ¢ = 0 which completes the solution.
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For each integer k > 3, prove that there exists a unique tuple (z1,xs,...,z%) of

positive real numbers such that 1 > 29 > --- > z;, and

1 1 1
{nml—i-éJ+{nx2+§J+---+{nxk+§Jzn

for every integer n.

Here |z| denotes the greatest integer less than or equal to z. For erxample, |—m| = —4 and
2] =[2.9] = 2.

Solution 1. We start with some observations. First of all, note that, for every real number =z,

{x—l—%J — |22] — |z]. (1)

Also observe that if a tuple (21,9, ..., z) satisfies the conditions of the problem statement,
and since nx —1/2 < |nx + 1/2] < nx + 1/2, then dividing both sides of the equation by n and
letting n go to infinity gives

$1+J]2+"'+I’k=1.

In particular, all numbers z; belong to (0,1). Inspired by equation (1), we will consider the
binary expansion of the fractional part of a real number x which we write

{x}zx—[x]z%—l—%—l—---,

where (x); € {0, 1} is the i*" binary digit. Note that

o = |+ 5| - ol = L201 - 2lal )

Fzistence. We first show the existence of a tuple (x1,29,...,x;) with the given property.
The desired tuple turns out to have the property that, for every i > 1, there exists a unique
j€{l,... k} such that (x;); = 1. This immediately implies z +- -+ z; = 1. The distribution
of binary digits we want to consider is the following.

{rjyi |1 2 - k|k+1 k+2 --- 2k

zx |1 0 - 0 1 0 e 0] 1
Ty |01 10 1 1o
I E 0 L0
e (0 -~ 0 1 0 0 110

In other words, we claim that the tuple

k-1 k=2 2 1
) 3)

(:El)x%"'axk—laxk) = <2k_1’2k_1’72k_172k_1

has the given property. To verify the claim, we use equation (1) and x; = 22,,1 to compute

é{ml i %J - j (12n:] = Lnai]) = {2:2—I€1J B {2'@? 1| - {n—i— an_ 1| - {an_ 1J =

i=1
Uniqueness. Let (xy,x9,...,25) be a tuple that satisfies the conclusion of the problem
statement. In particular z; + 23 + -+ + 2 = 1 and all the numbers z; belong to (0,1). The
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first milestone is to prove that for every i > 1, there exists a unique j € {1,2,...,k} such that

{xip; = 1.

We start with some notation. For positive integers n and r, define

c(n,r) = (nxy )y, + (nxe), + -+ + {nxg ),

Note that c(n,r) = ¢(n2771, 1) since {(z), = (2""'x);. We now study the properties of c¢(n,r).
Claim 1.1. The value of ¢(n,r) does not depend on 7.
Proof. Combining (1) and (2), we obtain

{2:6 + %J ) {x + %| _ |20] + (200 — 2(|r] + (o) = (2 — (. (4)

Summing (4) evaluated at z = nxy,nxs, ..., nxy gives ¢(2n,1) = ¢(n,1). Combining this with
c(n,r) = c¢(n2"1 1) gives the result. n

We denote by ¢, the common value of ¢(n,r) across all values of r. Recall from the proof
of Claim 1.1 that ¢y, = ¢,.

Claim 1.2. We have ¢; = 1 and ¢4, < ¢, + ¢, for all positive integers m,n. Moreover, if
Cman = Cm + Cpn, then (mx;), + (nx;), < 1 for every i and r.

Proof. Summing (2) evaluated at nxi, naz,, ..., nxyg gives
k 1 k
Cp = ne, + -| —|nz;| ) =n— n;|. 5
3 ([ 5] = ) = D )
As z1,29,...,2x < 1, we have ¢; = 1. Combining (5) with the inequality |mx;| + [nz;] <

|[(m + n)z;|, we have cpn < e + oo U Cpn = € + €y, then cpor pnor = Cpar + Cpor for every
r = 0. Therefore, we must have the equality

|m2"z;| + |n2"z;] = [(m + n)2 x| (6)

for every i and r = 0. Equation (6) implies that {(mx;), + {(nz;), < 1, as desired. O

Note that ¢; = 1 can be reformulated by saying that, for every r > 1,

(x1)r + {Tayy 4+ + (g = 1.

In other words, for every r > 1, there is a unique index a, € {1,2, ..., k} such that (x, ), = 1.
This is the first milestone. Next, in order to prove that the tuple (xy, 2o, ..., xy) is the tuple (3),
we shall prove that a, is the unique element of {1,2,...,k} congruent to r modulo k.
Whenever consecutive terms of the sequence aj,as,as,... coincide, we group them into
segments. Denote a segment by a triplet (v,¢,¢) where v is the repeating value in the sequence,
t is the first index of the repetition and ¢ is the length of the segment. We will call v the value
of the segment. For example, the first three segments in the sequence 3,1,2,2,2,2,3,... are
denoted by (3,1,1), (1,2,1) and (2, 3,4). We now make a few claims about segments.

Claim 1.3. Apart from the first segment, all segments of value v are preceded by segments of
the same value.

Proof. Suppose there are two segments (v, t1, 1) and (v, ta, f3) with 1 < ¢; < t5 that are preceded
by segments of value v; and v, with 14 # 5. In particular, both v; and v, are different from v.
We study the (t, — 1)™, (t1)™, (to —1)™ and ()™ binary digits of ,, z,,,2,,. Depending on
these values, we get lower and upper bounds on {2272z} and {227 1z;} for i € {v, vy, 1n}.
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lower bound upper bound lower bound upper bound
x| oy 1 () | on {2072z} on {2972z} || (x)y, 1 Ty, | on {22722} on {2272}
0 I I 1/2 0 1| 1 12

Note that the upper bounds are strict. Letting n = 2172 + 2272 it follows that § < {nz;} <1
for i € {v,v1,1n}. Hence, (nx;» =1 for i € {v,vy,1n}. This implies that ¢, > 3. However, by
Claim 1.2, ¢, < ¢cyty-2 + Cota—2 = ¢ + ¢ = 2, a contradiction. Il

Since 0 < z; < 1 for all 4, all values v € {1,2,..., k} must appear as the value of some
segment. By Claim 1.3, every value determines the preceding value uniquely. This means
that the values of the k first segments are a permutation of {1,2,... k} and that they repeat
periodically after that.

Claim 1.4. All segments, except possibly for the first segment, have equal length ¢, and the
length of the first segment is at most 4.

Proof. Let ¢ be the minimal length of a non-initial segment, and let (v,t,¢) be a non-initial
segment of length /. Let (1,10, %) be the segment preceding (v,t,¢). Because each segment
has length at least ¢, and k£ > 3, segments of the same value must be separated by at least 2¢
entries. We study the binary digits of =, and z,,, first starting at the (¢ — 1)St digit, and then

at the (t + ¢ — 1)St digit.

lower bound upper bound
x| {x)—1,{x),... | on {2072z} on {272z}
z, |[01---10---0 1/4 1/2 — 2701 4 o361
—— —~
¢ ones 2{ zeros
Ty, | 10--- 1/2 3/4
lower bound upper bound
T | (2o 1,{xDiqe, ... | on {26722} on {20721}
z, | 10---0 1/2 1/2 + 2721
~——
2( zeros
Ty, | 0---0 0 2 1
~—
{+1 zeros

We let n = 2072 4 20762 Since ¢ > 1, we have (1/2 — 271 + 2731 + (1/2 + 272¢°1) < 1.
Therefore, 3 < {nwz,}, {nz,} <1 and {(nx,); = {nz,) = 1. As a result, we have the tight
inequality

2<Cn262z+1<621€+61=2.
So, if there were a segment (v/, ¢, ') with ¢/ > ¢, then {(x,,)y = (2°x,,)y = 1, contradicting the
equality condition from Claim 1.2 for coey 1 = coe + 1. O

To finish the proof, it remains to show that ¢ = 1. Let A be the length of the first segment.
Claims 1.3 and 1.4 imply that some permutation of {2z}, {2 s}, ..., {2*z 1}, {2221} is equal

to
21 e 2071 gy 2021 o 201
ok — 1 "R 1 oM TogR 1)

20+1_1)(2¢-1) . T . . . . .
-1 is periodic with a period of k¢ binary digits and the

Since the binary expansion of ( Wl_
sum of binary digits of the repeating segment (271 — 1)(2° — 1) is £ + 1, we have

B(EFH ) —en

r=1
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for all integers s > 0. Therefore, letting n = 2*(2+1 — 1),

1 & PSR 1) (20-1) k(0 +1)
_ e\ _rler b
owm g et = RISt ) KD

which is only an integer when ¢ = 1. Using Claim 1.4, we conclude that A = 1 and

2k 1 2k72 2 1
(r1, @9, .o g1, T) = (ﬁ’—%’—1""’—2’9—17—2’“—1)'

Solution 2. Denote by Z + % ={.., —%, —%, %, %, ...}. Note that for all real numbers z, we
have that
{ 1| { w 1 fzeZ+i,
T+ |+ |2+ 35| = ) 1
2 2 0 fzx¢Z+s.
Summing this equality for z = nxy,nwo, ..., nxg, we deduce that m:z ¢ 7+ 5 L for all n and

i€{l,2,...,k}. This means that - is never an integer for all a € Z + 3 L and i 6 {1,2,...,k}.

We consider the following process: for every integer NV, we place a bucket at the interval
(N,N +1). Then for each a € Z + % and i € {1,2,...,k}, we drop a ball of Colour i on the
real line at _, which falls into the bucket Correspondlng to the interval that -* hes in. By
construction, ‘the configurations of balls in buckets is symmetrlc about 0.

Lemma 1. Assume that mx; ¢ Z + 5 L for all me Z and 1 < i < k. Then every bucket contains
exactly one ball if and only if Zi:ﬂ”xz + 3] = n holds for all n € Z.

Proof. By symmetry between positive and negative buckets, every bucket contains exactly one
ball if and only if exactly n balls land in (0,n) for every n > 1. Similarly, by the argument
above, the equation Y |n@; + 3] = n holds for all n € Z if and only if it holds for all n > 1.

A ball of colour ¢ lands in (0,n) if and only if it was dropped at £ for a € Z + 1 with
0 < £ < n. Thus, the number of balls of colour i dropped in (O n) 1s given by the largest

7

integer less than nx; + 5, which is equal to |nz; + %J as nx; ¢ 7 + 5. Summing over all colours
then shows the desired result. ]

Since each bucket contains exactly one ball, we may consider the resulting sequence of
colours . .. ,Cfg, Cfé, C%, C%, ..., which we refer to as the full sequence, as well as the positive
sequence C'%, C'%, ..., where CNJF% is the colour of the ball in the bucket (N, N+1). By symmetry
between positive and negative buckets, we have that C, = C_, for all a € Z + % We first make
some basic observations about the sequence of colours. In the sequence, a block of colour i is
a maximal consecutive subsequence consisting only of ¢’s, and a gap of colour ¢ is a maximal
consecutive subsequence containing no i’s.

Lemma 2. For every y,z € Z + % 5, every positive integer £ and every colour 4, the number
of occurrences of 7 in the sequences Cyi1,...,Cyyp and Cyq, ..., C,yy differ by at most 1.
Consequently, any two blocks of ¢ differ in length by at most 1, and any two gaps of ¢ differ in
length by at most 1.

Proof. The number of occurrences of ¢ in Cy1,...,Cys¢ is the number of balls dropped into
the interval (y + 5,y + ( + %), which is equal to the number of multiples of x% in the interval
(y+ 3 1+ i Jy+4L —l— 1+ L) The same holds for the sequence C,1,...,C..y with the interval
(z+3 —l— 293 :
of multlples of they contaln differ by at most 1. ]

240+ —l— ) instead. Since these two intervals have the same length, the number
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In the positive sequence, the first occurrences of each colour happen in the order 1,2,....k
because 1 = x5 = --- = x;. In particular, we have that C% =1so C’f% = 1 as well, which
means that 1 € {C,, Cy11} for every a € Z + § by Lemma 2.

In what follows, given sequences S; and S5, we will denote by S; .S, the concatenation of S
and Sy. For j e {1,2,..., k}, define the sequence T} recursively by 7} = 1 and T; = Tj_q#j«T;_;.
Note that 7; has length 2/ — 1 and has 27! occurrences of 1. We will prove by induction on j
the following two statements for all j < k:

e A(j): The positive sequence begins with 7.

e B(j): For all £ > j, any occurrence of £ in the sequence must be preceded and followed
by Tj.

We already proved that A(1) and B(1) hold.
Claim 2.1. The statement A(2) holds.

Proof. Suppose that in the positive colour sequence, the first occurrence of 2 happens after
r occurrences of 1. Then by symmetry, the middle 2r + 2 terms of the full sequence are

++21---12---,s0 1 has a block of length 2r and 2 has a gap of length 2r. Consider now the
first occurrence of 3 in the positive sequence, which must be preceded and followed by 1. Since
blocks of 1 have length at least 2r — 1 by Lemma 2, there exists a subsequence 1---131---1 of
length 4r — 1. As gaps of 2 have length at most 2r + 1, this means that 2r +1 > 4r — 1, so
r <1 and C% = 2. This implies C’g = 1, which proves A(2). ]

Claim 2.2. For 2 < j < k, the statements B(j — 1) and A(j) imply B(j). (Note that B(k) is
tautologically true.)

Proof. Since A(7) holds, the middle of the full sequence is T;+T; = Tj_y g+ Ty +Tj_y % j+Tj_4
which contains a gap Tj 1 = T;_; of j of length 2/ — 2. By B(j — 1), any occurrence of ¢ > j
must be contained in a subsequence 7} 1 # £+ T;_;. This subsequence has length 27 — 1 and
contains no j. As gaps of j have length at most 2/ — 1 by Lemma 2, T;_; * ¢ + Tj_; must be
preceded and followed by j. Applying B(j — 1) to these two occurrences of j, the subsequence

+T;_1+0+T;_1+j must be contained in the subsequence Tj_y#j+T;_1#lsT;_yxg+T;_y = Tj+L+T},
which proves B(j). O

Claim 2.3. For 2 < j < k, the statements A(j) and B(j) imply A(j + 1).

Proof. Because j + 1 < k, the colour j + 1 appears somewhere in the full sequence, and, by
B(j), it is preceded by and followed by T;. That is, T} = (j + 1) = T; appears as a subsequence of
the full sequence. In particular, for every i < j there is a gap T; 1 = (j + 1) » T; 1 of i of length
28— 1.

By A(j), the positive sequence starts with 7;, and we consider the next term C,;_ i If
CQJ-_% = 1 for some 2 < i < j, then the sequence T} #i ends with the subsequence i +7;_; 3. This
contains a gap Tj_; of 7 of length 2! —1, contradicting of Lemma 2 as [(2°"'—1)—(2'—1)| > 1.
Since j + 1 has not appeared yet, we must have either CQj_% =1or C’Qj_% =5+ 1. Ifitis
1, then the subsequence C_y,...,Cy_1 is 1+ Tj + 1, which has length 2/ + 1 and 2071 42
occurrences of 1. On the other hand we have shown above that the sequence T; « (j + 1) = T}
appears somewhere in the full sequence. This contains the subsequence 2 « 1« (j + 1) = T},
and removing the last term, we obtain a subsequence of length 27 + 1 with 2! occurrences of
1. This contradicts Lemma 2, and thus Czjfé = j + 1. Then B(j) implies that this term is
followed by T}, and therefore the positive sequence begins with T « (j + 1) = T; = T4, which
proves A(j + 1). O]
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To conclude, we prove that the positive sequence is T}, = T}, = ---, i.e. it is periodic with
repeating subsequence Tj. Since the positive sequence begins with Ty by A(k), the middle of
the full sequence is T}, + T). This has a gap of k of length 2¥ — 2, so gaps of k have length in
{2k —3,2F —2 2 — 1}. By the arguments in the proof of Claim 2.3, any occurrence of T}, must
be followed by 1. This precludes gaps of k of length 2¥ — 3 as the middle terms of such a gap
would be ---3121213 - - -, where the 3121 is the end of a T;_; following the first k& and this T}_;
has to be followed by a 1. It also precludes gaps of k of length 28 — 1, as this gap would be
Ty 1+ 1Ty 1 which contains a block of 1’s of length 3 in the middle. Thus, all gaps of k have
length 2% — 2, which implies that the positive sequence is T}, # T}, * - - -, as claimed.

Finally, note that in T}, each colour i appears 2% times. This means that M2~ balls
of colour i are dropped into (0, M (2% — 1)) for all M. Since we drop balls of colour i at -
fora e Z + l the number of such balls dropped into (0, N) divided by N converges to x; as
N — 0. ThlS means that z; = for all 7.

To see that this k-tuple mdeed satisfies the conditions, by Lemma 1, it suffices to show
that exactly one ball is dropped into each bucket. Note that the ball xi is dropped into bucket

(N —1, N) if and only if the ball “*2 is dropped into bucket (N + (2F —1) — 1, N + (2 — 1)).
This means that it suffices to show that exactly one ball is dropped into each of the buckets
0,1),(1,2),...,(2F — 2,28 — 1). Since (2¥ — 1)z; = 2¥%, the balls of colour i dropped into
(0,2% —1) are of the form 2 for a = (Z+3) N (0,2"7"). For a = m— 3 with 1 <m < 2*~, such
a ball is dropped at & = G001 — 9i-1(9p 1) — 2L € (271(2m — 1) — 1,27} (2m — 1)).
Hence, the balls of colour i are dropped in the buckets (N — 1, N) with N < 2F — 1 and
v2(N) = i — 1. Considering all colours i, each of the buckets (0,1),(1,2),..., (2% — 2,28 — 1)
have exactly one ball, as desired.

Comment. For k£ = 1, 1 = 1 is the unique solution to the condition. For & = 2, uniqueness fails, and
the solutions are given by (21,22) = (a,1— a) for a € (0, 1) not of the form g for an odd integer p and
an even integer ¢q. This essentially amounts to the condition that mxi, mxs ¢ Z + % for all me Z. In
this case, the fact that every bucket contains exactly one ball if they are dropped at 1% fora e Z—i—% and
1 = 1,2 is related to Beatty’s Theorem about complementary Beatty sequences. However, knowledge
of Beatty’s Theorem does not seem to help with solving the problem for k = 3
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Tim and Tam play a game. To start the game, Tim writes some nonzero real numbers,
not necessarily distinct, on a blackboard. In each round, the following happens:

e First, Tam chooses a polynomial Py (z) = apz* +ap_12% 1+ - -+ a2+ ag whose coefficients
G, Ap_1,...,01,a9 are all of the numbers currently written on the blackboard in some
order. (For example, if the numbers on the blackboard are 4, —3, 4, then k = 2 and Tam
may choose the polynomial 422 — 3z +4 or —3x2 + 42 +4 but not 4z — 3 or —3z2 — 3z +4.)

e Then, if the equation Py(x) = 0 has no real solutions, the game is stopped. Otherwise,
Tim chooses a real number r such that P(r) = 0 and writes it on the blackboard, so
there is now one more number on the blackboard.

Determine whether Tim can ensure that the game is never stopped, no matter what Tam
does.

Answer: No, Tim cannot ensure that the game is never stopped.

Common remarks. In each round, we will omit the subscript and call the polynomial that
Tam writes P(z). In brief, Tam’s strategy proceeds as follows:

(1) By choosing the coefficient of 2%/ in P(z) to be larger than its neighbouring coefficients
for each j, prevent P(z) from having negative roots and ensure that all numbers written
on the board after a certain point are positive.

(2) By choosing the coefficients in step (1) more carefully, ensure that the numbers written
on the board are not only positive but bounded away from 0 infinitely often. This allows
Tam to build up a bank of “big positive numbers”.

(3) By choosing the coefficients in step (1) so that each negative coefficient is surrounded by
many big positive numbers, prevent P(z) from having positive roots as well, stopping the
game.

Solution 1. We begin with some auxiliary results for the above strategy. Define the functions
F and G mapping sequences ao, . . ., as, of odd length to sets of real numbers as follows:

2n—1
ag + aont™™ }

2n
Flag, ..., a9,) = {t : Zaiti > O} and G(ag,...,as,) = {t P + Z a;tt = 0
i=0 =1

Note that if ag,as, > 0, then G(aq,...,as,) S F(ag,...,as,). If the numbers on the board
at any point are ag,...,as, in some order with ag,as, > 0 and G(aq,...,as,) = R, then
F(ag,-..,a2,) =R as well and Tam can choose P(z) = Z?Zo a;x' to stop the game.

For A > 0, say that a sequence ag, . .., as, is A-separated if a; = A for even i and a; < A for
odd 7. If a sequence ag, ..., as, is A-separated for some A > 0, say that it is separated. Note
that any sequence of nonzero reals of odd length with more positive numbers than negative
numbers can be reordered to be separated.

Lemma 1.1. If A and B are positive reals and ayg,...,as, is an A-separated sequence with
a; = —B for all i, then t € G(ay, . .., a9,) S Flag,...,as,) for all t < %.



32 Sunshine Coast QLD, Australia, 10t"-20" July 2025

Proof. Let P(z) = “0”2"“ + 32 P agat. For t < 0, we have that

A Ath 2n—1 . .
P(t) = ar A Z At = Z(tﬂ +H7H2 = 0.

j 1

For 0 <t < 2’3‘3, we have that

A—l—Ath o 2 25—1 2n A o 24
P(t) > ——— ZAtJ ZBH = t 2—Bt+Z(A—Bt)t]>O.

j=1

Hence, P(t) = 0 for all ¢t < QB’ which proves the Lemma as ag, as, > 0. ]
In particular, t € G(ag,...,a2,) S F(ag,...,as,) for all ¢ < 0 and separated sequences

ag, . - ., a2y, and F(ag, ..., a2,) = G(ag, .. .,as,) = Rif in addition we have that ao, . .., ag, > 0.

Lemma 1.2. If 0 < m < n, then G(ag,...,a,) N G(agm,...,a2,) S G(ao,...,as,) for all

sequences do, . . . , aoy,.

Proof. If m = 0 or m = n, then the Lemma is clear as G(agm,...,a2,) = G(ao,...,as,) or

G(ag, .., am) = G(ag,...,as,). Otherwise, if t € G(ay, ..., asn) and t € G(agy, - . -, a2,), then

2n—1 2m 2m—1 2(n—m) 2n—1
ap + ag,t*" i [ a0+ agnmt ; om [ G2m + a2t o
— E ait’ = — T E ait’ |+t 5 + E a;t

=~ P i=2m+1
is nonnegative, so t € G(ay, ..., as,) as well. O
In particular, G(ao, - . ., asm) S G(ao, - - -, azy) if Gagm, - .., a2,) = R.
Lemma 1.3. If nis odd and ay,...,as, is a separated sequence such that a; = C' when i # n
and (2n —1)C + a,, = 0 for some C > 0, then G(ao,...,as,) = R.
Proof. Since aq, . . ., as, is separated, t € G(aq, . . ., as,) for all t < 0. For ¢t > 0, we have that
a—l—ant2” met C+Ct2” (et A
02 Z _— Z (Ct + C" ™) + apt" = ((2n — 1)C + a,)t" = 0

i=1
since Ct! + Ct>™ 1 = 2Ct" for all i, so t € G(ag, - . ., as,) as well and G(aq, ..., as,) = R. O

We now demonstrate a strategy for Tam to stop the game. The strategy is divided into
stages, where in each stage Tam works towards an intermediate game state. In this way, Tam
achieves a sequence of game states that ends with the game being stopped. In what follows,
the game may stop before all intermediate states are reached. Since Tam’s goal is to stop the
game, this does not impact her strategy.

Note that 0 will never be written on the board since Tim initially only writes nonzero
numbers. We now give the definition of each state, followed by the strategy to achieve it
starting from the previous state.

State 1. The board has of an odd number of reals, with more positive reals than negative reals.

Strategy. Throughout this strategy, we assume that State 1 has not yet been achieved.

If there are an even number of reals on the board, all of which are negative, Tam chooses
P(z) arbitrarily.

If there are an odd number 2n + 1 of reals on the board, Tam chooses P(z) = >7" a;’ so
that —ao, ..., —as, is separated. Lemma 1.1 then gives that P(r) < 0 for all r < 0.

If there are an even number 2n + 2 of reals on the board, at least one of which is positive,
Tam chooses P(x) = Zf”gl a;x" so that —Qo, . .., —Q2p IS separated and ag,+1 > 0. Lemma 1.1
then gives that P(r) = agu 172" + Y20 a;r® < 0 for all 7 < 0.

In the latter two cases, Tim only writes positive numbers on the board. Choosing P(z) in
this way repeatedly, the first case happens at most once and Tam achieves State 1. O
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State 2. The numbers on the board can be ordered as ay, ..., a2, ..,02m,,- .., a2, S0 that
ap, - - ., Gop, 1s a separated sequence of positive reals and A2n; 1y -5 A2n, satisfies the hypotheses
of Lemma 1.3 for each 1 < j < /.

Strategy. If all numbers on the board are positive, then State 2 has already been achieved with
¢ = 0. Otherwise, let C' = %, where —B < 0 is the smallest number on the board and A > 0
is such that the numbers on the board can be ordered into an A-separated sequence. If Tam
chooses P(x) in each round so that only positive numbers are added to the board and numbers

greater than C are added to the board infinitely often, then the game is eventually in State 2.

If there are an even number 2n + 2 of reals on the board, Tam chooses P(z) = Y2" /" ¢,
so that ag,...,as, is separated and as,,; < 0. Lemma 1.1 gives that P(r) = ag, 7" +

Z?ZO a;r* > 0 for all 7 < 0. The number added to the board must then be positive.

If there are an odd number 2n + 1 of reals on the board, Tam chooses P(z) = 2", a;a* so

that ag, ..., as, is separated, ag, . . ., as,, is A-separated, aq, ..., as, = —B, and ag,,, ..., as, >0
for some 0 < m < n. This is possible initially by construction, and it always remains possible
as only positive numbers are ever added to the board. Lemma 1.1 gives that t € G(ay, ..., aam)

for all t < C and G(agm, - ..,a2,) = R, so t € G(aog,...,a,) S Flag,...,a) for all t < C by
Lemma 1.2. The number added to the board must then be greater than C.
Choosing P(z) in this way repeatedly, Tam achieves State 2. ]

State 3. The game is stopped.

Strategy. Suppose that the game is in State 2 with the ordering ao, ..., @y, ..., G2ny, - - -, G2,
By Lemmas 1.1 and 1.3, we have that G(ao, ..., a2,,) = R and G(agn,_,,...,az2,;) = R for each
1 < j < (. Repeatedly applying Lemma 1.2 then gives G(ay,. .., a2,,) = R. Since ag, as,, > 0,
F(ag, .. ,as,,) = R as well, so Tam can choose P(z) = 3™ a;z" to stop the game. N

Following this strategy, Tam can stop the game regardless of Tim’s choices, so Tim cannot
ensure that the game is never stopped.

Solution 2. We present another way for Tam to execute steps (1) and (2) in the strategy
outline from the common remarks without using separated sequences. In Solution 1, the poly-
nomials used have separated sequences of coefficients, which allows for a positive lower bound
on their real roots. In this solution, we weaken this to only having alternating sequences of
coefficients and instead obtain big positive numbers on the board by choosing the constant
coefficient of P(x) to be large.

The edge case of the board only having numbers of one sign can be handled as in Solution
1. Henceforth, we assume that the board contains numbers of both signs.

Say that a sequence by, ..., by of nonzero reals is alternating if by > 0, b; = b; ;1 for even
0<i<k, b <by for odd 0 <i <k, and (—1)kb, > 0.
Lemma 2.1. Let by, ..., by be an alternating sequence, and let P(z) = >* bz, Then P(t) > 0
for all t < 0. In particular, all real roots of P(z) are positive.

Proof. We prove the stronger statement that Q(z) = %2 + ¥ bt satisfies Q(t) > 0 for all
r < 0. We proceed with induction on k, with the base cases of Kk = 0 and k£ = 1 clear. For the
inductive step, if b; < 0, then the sequence —bq, ..., —b; is alternating. We thus have for ¢t < 0

that . -
by + b1t b - . b - ,
Qt) = = 5 L (51 + 3] bmt’) >t (51 + ) biﬂt‘) > 0.
i=1 i-1
If by > 0 then by = b; and by = by > 0, so k = 2 and the sequence b, ..., by is alternating. We

thus have for ¢ < 0 that

bo—by by—b b b, =2 _
Q(t) = 02 Lt 22 1t2+51(t+1)2+t2<52+Zbi+2t’>>0.
=1

The induction is now complete, and for such sequences all real roots of P(x) are positive. []
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Since the numbers on the board do not all have the same sign, they can always be arranged
into an alternating sequence. Hence, Tam can always eventually force Tim to only write positive
numbers on the board by Lemma 2.1. This concludes step (1).

Say that a sequence by, ..., by of nonzero reals is top-heavy if |bo| = |b1], ..., |bk|-

Lemma 2.2. Let by, ..., by be a top-heavy sequence, and let P(x) = Zf:o biz'. Then P(t) # 0
for all [¢| < 5. In particular, all real roots of P(x) have magnitude greater than 3.
Proof. By the triangle inequality,

k
Z bit!
=0

for all [¢| < 3. O

Suppose that there are an even number of reals on the board. Since they do not all have
the same sign, Tam can always arrange the numbers on the board into a sequence ay, ..., ax
such that either ag, ..., ar or —ag, ..., —a; is both alternating and top-heavy, depending on the
sign of the number of the largest magnitude on the board. Thus, Tam can always eventually
force Tim to write numbers greater than % on every other turn by Lemmas 2.1 and 2.2. This
concludes step (2). We remark here that Solution 1 executes step (2) when the number of reals
on the board is odd, while this solution does so when it is even.

Step (3) can be executed as in Solution 1. Note that the notion of separated sequences is
not needed for this. Indeed, in the sequence ay, ..., a2, -.,02n,,- ., a2, used in Solution 1,
we may instead impose that the subsequences ay, ..., as,, and as,, ,,...,as2,, are alternating
rather than separated and the proof works in the same way.

: i 5 [bol _ [bol
> [bof = D10l - = Jbol = D 55 = 5 > 0
i=1

i=1

|P@)] =

Comment. The original proposal did not stipulate that the numbers Tim initially writes on the board
are nonzero. This does not significantly impact Tam’s strategy, as she may always set the leading
coefficients of P(z) to be 0 so the 0’s are effectively not on the board. Since this introduces a relatively
uninteresting complication to the proof without changing the core idea of the solution, the Problem
Selection Committee considers the current formulation to be more suitable for the competition.

Comment. This game can also be played with nonzero integers rather than nonzero reals for the
coefficients and roots of P(x). This variant of the problem is significantly easier and admits a wider
variety of winning strategies for Tam. We briefly sketch two such strategies below:

e Tam labels Tim’s initial numbers as by, ..., b, in an arbitrary order. In each round, she chooses
P(x) = Zf:o b;z*~" and defines by, to be the integer root of P(z) that Tim chooses. Hence,
Pk+1(ZIJ) = :IJP(JJ) + bpyq1 for all £ > ¢. Since 0 = Pk+1(bk+2) = bk+2P(bk+2) + bry1, we have
that byyo | bxy1 for all k£ > £, so there exists a positive integer b with |bg| = b for all large k. It
cannot be the case that P(bgi2) = Pri1(bg12) =0, s0 by + b1 = 0 and by = b2 for all large
k. For such k, we have that 0 = P11 (bgi2) = Pry1(bg) = b2 Pe—1(bg) + b3 +bgy1 = b2 + bg11, 50
bi = —by,1 = b = b =1 for all large k. This contradicts by + b1 = 0, so the game must
stop at some point.

e Tam labels Tim’s initial numbers as bg,...,b; so that |by| < --- < |bg|, i.e. she sorts the
numbers by magnitude. She first chooses P(z) = Zf:o biz'. For |r| = 2, we have by the
triangle inequality that |P(r)| = [b|r* — S0 0 balrt = |be|(* — Y21 ) > 0, so P(z) has no
integer roots with magnitude greater than 1. If the game does not stop, then Tim writes b on
the board with |b| = 1. Tam then chooses Pyyi(x) = b+ Zf:ll bi—1z' = xP(x) + b. Since
|b] < |bo|] < --- < |bg|, the previous argument implies that Pyi1(x) has no integer roots with
magnitude greater than 1. If the game does not stop, then Tim writes ¢ on the board with

lc| = 1. This gives 0 = Pyy1(c) = Pry1(1) = P(1) + 1= P(b) + 1 =1 (mod 2), a contradiction.
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Combinatorics

Let n > 3 be an integer, and let S,, be the set of points (z,y) in the plane such that
x and y are nonnegative integers and x + y < n. A line in the plane is called interesting if it is
not parallel to the x-axis, the y-axis, or the line x + y = 0.

Determine all nonnegative integers k such that there exist n lines satisfying both of the
following;:

e the union of the n lines contains every point of S,,, and

e exactly k of the lines are interesting.

Answer: For any value of n, the only possible values of k are 0,1 and 3.

Solution. Define a boring line to be a line that is not interesting. Say that the pair (n, k) is
good if there exist n lines, exactly k of which are interesting, whose union contains S,,. Let T
be the triangle formed by the lines x =0, y =0, and x +y =n — 1.

Lemma. If n = 4, then (n, k) is good if and only if (n — 1, k) is good.

Proof. If (n — 1,k) is good, then consider n — 1 lines that cover S,_;, exactly k of which are
interesting. Add the boring line © + y = n — 1. These n lines cover S,, and exactly k£ of them
are interesting. This shows that (n, k) is good.

Conversely, suppose (n, k) is good and n > 4. The triangle T' contains 3n — 3 > 2n points
of S, on its boundary. If n lines cover S, k of which are interesting, then by the pigeonhole
principle, one of them intersects the boundary of T in at least three points. Call this line /.
Then /¢ is a side of T, so ¢ is a boring line. The remaining n — 1 lines cover S,, minus the points
on ¢, and exactly k of them are interesting. But .S,, minus the points on ¢ is just a translated
copy of S,_1, so (n — 1, k) is good. O

By the lemma, the possible values of k£ do not depend on n, so it suffices to consider only the
case n = 3. The constructions for £ = 0, 1,3 are described below and illustrated in Figure 1.

1. k = 0 is obtained with the lines y =0, y =1, and y = 2.

2. k =1 is obtained with the lines y = 0, y = 1, and any interesting line through the point
(0,2).

3. k = 3 is obtained with the lines x =y, 2 + y = 2, and = + 2y = 2.

®
!
1
[
I
I
¥ 2

Figure 1: Constructions for n = 3 with k£ = 0,1, 3, respectively. Interesting lines are dashed
and coloured red.

Finally, we show that when n = 3 we cannot have &k = 2. Suppose for the sake of contradic-
tion that three lines cover S3, exactly two of which are interesting. We consider whether one
of the lines contains three points or not.
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Case 1: There is a line containing three points.

Then this line is a side of T', which is boring. The remaining points of S5 not covered by
this line is a translation of S5, which is covered by the remaining two interesting lines. This is
not possible, since any line through two points in S5 is boring.

Case 2: There is no line containing three points.

Then each line contains exactly two points of S3. But there are only three interesting lines
that contain exactly two points of S3, namely, the lines x =y, 2xr +y =2, and x + 2y = 2. It is
not possible to cover S3 using two of these three interesting lines and a boring line. Therefore
k = 2 is not possible.
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There is a row of n paddocks, labelled from left to right with the integers 1 to n,
where n > 3. Skippy the Kangaroo grazes in the paddocks according to the following rule:

If Skippy is grazing in paddock k, then she makes a sequence of k£ hops from a
paddock to an adjacent paddock. The first of the k hops is always to the right,
unless Skippy is in paddock n, in which case it is to the left. Each of the following
k —1 hops is in the same direction as the previous hop, unless Skippy is in paddock
1 or n. Skippy grazes in the paddock that she is in after the k'™ hop.

For example, if n = 8 and Skippy is grazing in paddock 3, then the next four paddocks she
grazes in are 6, 4, 8 and 2, in this order.

Skippy continues grazing in this way indefinitely. A paddock is overgrazed if Skippy even-
tually grazes in it, regardless of the paddock that she starts in. Determine all n > 3 for which
there is exactly one overgrazed paddock.

Answer: There is exactly one overgrazed paddock if and only if n = 3-2° for some nonnegative
integer s.

Common remarks. Write [n] for {1,2,... n}. We will say that n is convergent if there is
exactly one overgrazed paddock.
Suppose that Skippy is grazing in paddock k. Then:

e if &k < n/2 she makes k hops to the right and grazes in paddock 2k next;

e if n/2 < k < n — 1 she makes n — k hops to the right followed by k — (n — k) =2k —n
hops to the left, and grazes in paddock n — (2k —n) = 2(n — k) next; and

e if she is grazing in paddock n she makes n — 1 hops to the left followed by one hop to the
right, and grazes in paddock 2 next.

Thus if f : [n] — [n] is the function such that Skippy grazes in paddock f(k) next after grazing
in paddock k, then

2k if & <n/2,
f)y=<{2(n—k) ifn/2<k<n-—1, ()
2 if £k =n.

If Skippy starts in paddock a, then the sequence of paddocks she grazes in is given by the
orbit of a under f; that is, it is given by the sequence a, f(a), f*(a),.... Since there are only
finitely many possible values for f'(a), the orbit of any point under f is eventually periodic.
It follows that there exists an overgrazed paddock if and only if f has a unique periodic orbit.
Moreover, if f has a unique periodic orbit then every integer m belonging to this orbit is
overgrazed, so there is a unique overgrazed paddock if and only if the unique periodic orbit of
f is a fixed point. Thus n > 3 is convergent if and only if f has a unique periodic point.

Solution 1. The key to this solution is Lemma 1:

Lemma 1. Let n = 2%z where z is odd, and suppose that & < n. If 2! divides k for t < s, then
201 divides f(k).

Proof. Write k = 2'y for some integer y. If k < n/2 then f(k) = 2k = 21y, so 2" divides
f(k). On the other hand, if &k > n/2 then f(k) = 2(n — k) = 2(25z — 2'y) = 2!T1(257 'z — y), so
20+1 divides f(k) in this case too. ]

Claim 1.1. The function f has a fixed point if and only if 3 divides n, in which case ¢ = 2n/3
is the unique fixed point of f.
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Proof. Suppose that ¢ is a fixed point of f. Then ¢ > n/2, because 2q # ¢, and ¢ # n, because
f(n) =2 # n. Hence n/2 < ¢ <n—1, and ¢ satisfies f(q) = 2(n — q) = ¢. This rearranges to
q = 2n/3, so 3 must divide n and any fixed point of f is unique. For n = 3m we have ¢ = 2m,
and checking we see that f(q) = ¢ does indeed hold. O

From now on we assume that 3 divides n, and set ¢ = 2n/3.
Claim 1.2. Suppose that n = 3-2°. If a € [n] then the orbit of a contains ¢, so n is convergent.

Proof. Write a = 2%y where vy is odd and t < s+ 1, because a < 3-2%. If t < s then by Lemma 1
21+ divides f(a), and inductively we conclude that a has an iterate o’ = 2°z with z € {1,2, 3}
(since n = 3-2%). If z = 1 or 2 then either a’ or f(d’) is equal to ¢ and we are done. Otherwise,
f(d') = f(n) =2, and then f5"'(a) = f5(2) = 2°! = ¢. O]

Claim 1.53. Suppose that n is not of the form 3 - 2°. Then there exists an orbit of f that does
not contain g, so n is not convergent.

Proof 1. Write n = 3 - 2%z where x > 1 is odd. Then ¢ = 2"z, and if f(k) = ¢ then either
2k = g, and so k = q/2 = 2°z; or 2(n — k) = ¢, and so k = n — ¢/2 = q. Thus if a # ¢ then the
orbit of a contains ¢ if and only if it contains ¢/2 = 2°x.

Consider the point a = 2°*1 < n. By Lemma 1 with ¢t = s every iterate of a is divisible by
2571 Tt follows that the orbit of a does not contain ¢/2 and hence does not contain q. O

Proof 2. Since n is not of the form 3-2°, ¢ has an odd prime factor p. Let k € [n] be such that
p does not divide k. Then k # n, because p divides n, so f(k) = 2k or f(k) = 2n — 2k. Since
p divides n but not 2 or k£ we conclude that p does not divide f(k). Since p divides the fixed
point ¢, it follows that the orbit of 1 does not contain q. O

Solution 2. In this second solution we use Lemma 2 below to reduce to the case where n = 2
or n is odd. For each n > 2 we define f,, to be the function f of equation (*) with the given
value of n, and we write

E, ={le[n]:{is even}.

Lemma 2. 1f k <n then fo,(2k) = 2f,(k).
Proof. If k < n/2 then fo,(2k) = 2(2k) = 2f,(k); and if n/2 < k then fy,(2k) = 2(2n — 2k) =
2-2(n—k) =2f,(k). O

Claim 2.1. Let n =2m >4, and let O = (ay,as, ..., a,) be a periodic orbit of f,,. If O does
not pass through m let
OI = (2(11, 2@2, ey 2&7«);

otherwise, if O does pass through m with a, = m, let
O = (2,2a1,2as,...,2a,).

Then O’ is a periodic orbit of f,,. Moreover, the map O — O’ is a bijection between the periodic
orbits of f,, and the periodic orbits of f,.

Proof. When O does not pass through m, the fact that O’ is a periodic orbit of f, follows

immediately from Lemma 2. So suppose that a, = m, and write O' = (a),a},d), ..., a.) =

(2,2a1,2ay, . ..,2a,). We have a; = f,,(m) =2 and as = f(2) =4, so fu(a.) = fu(n) =2 = q
and f(ay) = f(2) = 4 = 2a; = a}. For the remaining entries the equality f,(a}) = a],; holds
by Lemma 2, so O is a periodic orbit of f,,.

Using the fact that O" passes through n if and only if O passes through m we see that the
map O — O’ is one-to-one on the set of periodic orbits of f,,. Now let O' be a periodic orbit
of fn. By () f(k) is always even, so the periodic orbits of f,, must all lie in F,. Dividing each
entry of O’ by 2 and deleting 1 if it appears we obtain a periodic orbit O of f,, mapping to O'.

[
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Let n = 2m > 4. By Claim 2.1 f,, has a unique periodic orbit if and only if f,, does; and if
q is a fixed point of f,, then 2¢ is a fixed point of f,, unless ¢ = m. It follows that n = 2m is
convergent if and only if m is convergent and the unique periodic point of f,, is not m.

It suffices to consider the cases where n = 2 or n is odd.

e For n = 2 it is easily seen that (2) is the unique periodic orbit of f;, so no power of 2
greater than 3 is convergent.

e For n = 3 it is easily seen that (2) is the unique periodic orbit of f3, so every n of the
form 3 - 2° is convergent.

e For odd n > 5, Claim 2.2 below implies that every element of F,, is periodic, so n is not
convergent because |E,| > 2.

Claim 2.2. If n is odd then the restriction of f, to E, is a bijection E, — F,,.

Proof. The restriction of f, to E, maps E, into itself because f(k) is always even. It suffices
to show that it is surjective, so let a = 2b € E,. If b = 2¢ is even then b € E,, and f,(b) = a.
Otherwise, if bis odd let k =n—b=mn—a/2 >n—n/2 =n/2. Then k is even, because n and
b are both odd, and f,(k) = 2(n — k) = 2b = a. O

Comment. For n = 25z with 2 odd define E¥ = {£ € [n] : 2°*! divides £}. By Lemma 1 with t = s the
function f maps E; into E}, and the proof of Claim 2.2 can be adjusted to show that the restriction
of f to E} is a bijection. It follows that every element of £ is periodic, and this can be used to give
a third proof of Claim 1.3.
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There are 2025 white balls and 2025 black balls arranged in a row. A balanced segment
is a contiguous nonempty segment of balls that contains the same number of white balls as black
balls. A balanced removal is the operation of selecting a balanced segment S, removing all the
balls in .S, and shifting left the balls that were to the right of S so that the remaining balls
form a contiguous row.

Determine the smallest positive integer N satisfying the following property: for every con-
figuration of balls and for every integer k satisfying 0 < k < 2025, there exists a sequence of at
most N balanced removals after which there are exactly 2k remaining balls.

Answer: The smallest such positive integer is N = 2.

Solution 1. We first show that N = 1 does not satisfy the property. Consider the configuration

00000 - 000 - OO

and the integer £ = 1. There are three contiguous segments consisting of 2 - 2024 balls, and
we observe that none of them are balanced. Therefore we cannot leave exactly 2 balls after
performing a single balanced removal.

We now prove that at most N = 2 balanced removals are sufficient to leave exactly 2k balls
for every 0 < k < 2025. We define a minimal balanced segment to be a balanced segment that
cannot be divided into a balanced segment followed by another balanced segment.

Lemma. Consider a minimal balanced segment S consisting of 2m balls. For every integer
1 <1 < m there exists a balanced segment of length 2/ contained in S.

Proof. For each integer 0 < i < 2m, let a; be the number of black balls minus the number of
white balls among the first ¢ balls of S. Then |a; — a;41] = 1 for 0 < i < 2m — 1, and moreover
a; # 0 for all 1 < i < 2m — 1 by assumption. Hence the a;’s for 1 < ¢ < 2m — 1 are either all
positive or all negative.

For each integer 0 < i < 2(m—1), let b; be the number of black balls in the segment starting
with the (i + 1)** ball and ending with the (i + 20)™ ball of S. Then |b; — b;11| < 1 for all
integers 0 < ¢ < 2(m —[) — 1. We also compute that by = [ + ag;/2 and bym—y = | — aa(m—1)/2.
Since ay and ag(,—;) have the same sign, either by = [ = by—y) or by < [ < by(p—yy. In either
case, there exists an integer 0 < i < 2(m — [) satisfying b; = [, as desired. ]

Given the row of 4050 balls, we decompose it into minimal balanced segments. Let
0=150<s8 <---<s,=2025

be the integers for which the segment starting with the (2s; + 1)* ball and ending with the
(25,.1)™ ball is a minimal balanced segment for every 0 < ¢ < p — 1. Given the integer
0 < k < 2025, if s; = 2025 — k for some 0 < ¢ < p, then we may simply remove the first
2(2025— k) balls, which form a balanced segment. Otherwise, there exists an index 0 < i < p—1
with the property that

s; < 2025 — k< Sit1-

We now apply the lemma to the minimal balanced segment S starting with the (2s; + 1) ball
and ending with the (2s;41)™ ball. There exists a balanced segment S; of length 2(2025—k —s;)
within S, and also the first 2s; balls form a balanced segment S5 disjoint from S. Thus we may
leave 2k balls by removing S; and S5.

Solution 2. We provide a second proof of the lemma. The rest of the solution remains the
same.
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Proof of Lemma. As in the first proof, for 0 < i < 2m define a; to be the number of black
balls minus the number of white balls among the first ¢ balls of S. We prove the more general
statement that if S is balanced and a; = 0 for all 7, then there exists a balanced segment in S
of length 2[ for every 1 <[ < m.

We induct on m. When m = 1, we have [ = 1 and hence the statement clearly holds.
Assume now that m > 2 and the statement holds for smaller values of m. We note that
a1 = asm—1 = 1, and hence the first ball is black and the last ball is white.

Case 1: a; =1 for all 1 <i<2m —1.

The segment T starting with the 2°¢ ball and ending with the (2m — 1)t ball is a balanced
segment of length 2m — 2, satisfying a; —1 = 0 for all 1 < ¢ < 2m — 1. By the inductive
hypothesis, for each 1 <[ < m — 1 there exists a balanced segment of length 2! within 7". For
[ = m, we note that S itself is a balanced segment of length 2m.

Case 2: a; =0 for some 1 <1< 2m — 1.

Without loss of generality, we may assume that i < m. (If not, we can flip the segment
S, then replace black balls with white balls and vice versa.) If 21 < 2m — i, we may apply
the inductive hypothesis to the balanced segment consisting of the last 2m — ¢ balls. In the
case when 2] > 2m — i, we note that the i*! ball is white and (i + 1) ball is black because
a;_, = a;.1 = 1. Consider the sequence of balls T' we obtain by removing the i*" and (i + 1)**
ball from S. By applying the inductive hypothesis to T', we obtain a balanced segment 7" < T
of length 2(I — 1), noting that 2 > m > 2 and thus [ > 2. Let us say that 7" starts with the
2'® ball and ends with the (z + 20 — 3)™ ball. Then x + 2] — 3 < 2m — 2 implies

r<2m+1-21<2m+1—-2m—i+1) =1
and similarly x > 1 implies
r+20-3220-2=22m—-i—-1>7—-1.

This shows that 7" together with the i*" and (i + 1) ball from S form a balanced segment of
length 2/ in S. O]

Comment. The lemma can also be deduced from the “mountain climbing” puzzle appearing in the
article Mountain Climbing, Ladder Moving, and the Ring- Width of a Polygon by Goodman—Pach—Yap.
By the Intermediate Value Theorem, there exists a time at which the distance between the climbers
equals 2[. If the coordinates of the climbers are integral, we are done. Otherwise, one shows that the
slopes the climbers are on must be parallel to each other, using the fact that 2[ is an even integer.
Then we may simultaneously decrease the altitude of the climbers until both have integral coordinates.



42 Sunshine Coast QLD, Australia, 10t"-20" July 2025

Bluey is placing lollies on a 1000 x 1000 grid. Initially, every cell of the grid is empty.
At each step, Bluey chooses a row or column in which the total number of lollies is a multiple
of 3, chooses an empty cell in this row or column, and places a lolly in it. If there is no such
row or column, Bluey stops.

Determine the maximum number of lollies that Bluey can place.

Answer: The maximum number of lollies that Bluey can place is 3995.

Solution 1. Let n be any integer greater than or equal to 5, then we will show that the answer
is 4n — 5 for an n x n grid. The desired result can be obtained by setting n = 1000. First,
we show that it is possible to place 4n — 5 lollies. In the below diagram, we number the lollies
1,2,...,4n — 5 such that Bluey places the i*" lolly on the " turn.

3 4
dn—5|4n—06 5 6
dn —T | 4n—8 7
dn—9 | 4n — 10

n+4|12n—5|2n—4
o 2n+3 |1 2n+2 | 2n—3 | 2n—2
2 1 2n + 1 2n
2n—1

To show the upper bound, let N be the total number of lollies that Bluey places. We wish to
show that N < 4n — 5. For any ¢ = 1,2,...,n and time ¢t = 0,1,..., N, let u;(t) € {0,1,2}
denote the residue modulo 3 of the number of lollies in row i after Bluey has placed the first
t lollies. Define v;(t) similarly for column i. Let Py(t), Pi(t), and Py(t) be the number of 0’s,
1’s, and 2’s respectively among the 2n values uy(t), ..., un(t),v1(t),...,v,(t). Then we have
Py(t) + Pi(t) + Py(t) = 2n for all ¢, and (Fy(0), P1(0), P»(0)) = (2n,0,0).

Now suppose that on her t*" step, Bluey places a lolly in row i and column j. Then we must
have u;(t) = 0 or v;(t) = 0. We classify each of Bluey’s moves as follows:

e An A-mowve is one where v;(t) = v;(t) = 0. An A-move updates u;(t+ 1) = v;(t +1) = 1,
thus we have (Pp(t + 1), Py(t + )P( 1) = (R(t) =2, P(t) + 2, (1))

e A B-move is one where {u;(t),v;(t)} = {0,1}. A B-move updates {u;(t

(t+1),v(t+1)} =
(1,2}, thus we have (Py(t + 1), Py(t + 1), By(t + 1)) = (Po(t) — 1, Pi(t), Py
(

) +1).

1

(t

e A C-move is one where {u;(t),v;(t)} = {0,2}. A C-move updates {u;(t +1),v;(t +1)} =
{0, 1}, thus we have (Py(t + 1), Pi(t + 1), Po(t + 1)) = (Fo(t), Pi(t) + 1, Py(t) — 1).

Now suppose that Bluey makes a A-moves, b B-moves, and ¢ C-moves. Next, we have:

Py(N) — 2n = Py(N) — Py(0) = 21 (Po(t + 1) — Py(t)) = —2a — b.

=0
Similarly, we can show that P;(N) = 2a + ¢ and P»(N) = b — ¢. From these, we deduce that:
N=a+b+c=a+(2n—2a— Fy(N)) + (P.(N) —2a) =2n—3a — Py(N) + P, (N).

Also, note that a > 1 since Bluey’s first move must be an A-move. Bearing this in mind, we
finish with some light casework:
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e If a > 2, then we have N < 2n —3a + P;(N) < 4n — 3a < 4n — 5, since P;(N) < 2n by
definition.

e Ifa=1and P, (N) < 2n—2, then we have N < 2n—3a+ P (N) < 2n—3+2n—2 = 4n—5.

e Ifa=1and P;(N) > 2n—1, then at least 2n — 1 of uy (), ..., up(N),v1(N), ..., v,(N)
must have value 1. Then, since ", u;(N) = Y. | v;(N) (mod 3), this forces the (2n)™
value to also be 1, so P;(N) = 2n. In this case, Bluey’s last move must be an A-move.
Since Bluey’s first move is also an A-move, this either contradicts our assumption that
a = 1 or implies that N =1 < 4n — 5.

In all cases, we have proven the desired bound.

Solution 2. We provide an alternate proof that we must have N < 4n — 5. Number the rows
and columns 1,2,...,n. We call a particular step a row move if Bluey adds a lolly to a row
where the number of lollies was previously a multiple of 3. For each i = 1,2,...,n, let r; be
the number of row moves made in row . Similarly define column moves and ¢;. (Note that a
move can be both a row move and a column move.) Let R = 7" r; and C' = )" | ¢;. Assume
without loss of generality that Bluey’s final move is a row move.

Firstly, note that every move must contribute at least 1 to > | (r; +¢;). Moreover, the first
move will contribute 2 to this sum. It follows that:

N+1<R+C.

Secondly, let us consider all the lollies that are added to row 7. Among these lollies, r; of them
are placed using row moves. Between any two consecutive row moves in row ¢, there must be
at least two “assisting” column moves adding lollies to row i. Moreover, none of these column
moves can be Bluey’s very first move, thus the total number of assisting column moves is at
most C' — 1. Summing over ¢ implies that:

C—12=>2(r;—1) =2R—2n,

i=1

We can apply an analogous argument by looking at the lollies added to each column. However,
the number of assisting row moves is now at most R — 2, since Bluey’s first and last move are
both row moves and neither can be an assisting row move. Thus we obtain:

R—2>ZQ(Q~—1)=2C—2TL.
i—1

Summing the last two inequalities implies that:
R+(C—-322R+2C-4dne R+(C<dn—-3=>N<R+C-1<4n—4.
For equality to hold, we must have both C —1 =2R—-2n < 2R—-C =2n—1and R—2 =

2C — 2n < 2C — R = 2n — 2. But now subtracting these implies that 3(R — C) = 1 which is
absurd since R and C are integers. Thus we must have N < 4n —4 = N < 4n — 5, as desired.

Comment. There are many other constructions attaining 4n — 5 lollies. We present one other example
below:
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2 2n 2n — 2
3 2n+1 | 2n+2
6 2n+3 | 2n+4
7 8 2n+5
dn—13 | 4n — 12
2n—8 | 4n—11 | 4n — 10
2n—7 | 2n—6 | 4n—9 | 4n -8
4n — 6 2n—>5 2n—4 | 4dn -7
4n — 5 2n—3

2n —1
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Let n be a positive integer, and let (a1, as, ..., a ) be any n-tuple of distinct integers.
An inversion is a pair (7, 7) of integers satisfying 1 <i < j <n and a; > a;. An inversion (i, j)
is called odd if 7 —i is odd. Let A be the number of all inversions, and let B be the number of
odd inversions.

(a) Prove that A < 5B for all n and all n-tuples (a1, as, ..., a,).

(b) Prove that there exist an n and an n-tuple (ay, as, ..., a,) for which A > 4.99B.

Solution. Call an inversion (7, j) even if it is not odd.
(a) We classify the inversions (i, j) into five types:

the odd inversions;

the even inversions (4, j) with i = j 4+ 2 (mod 4) and a; > ai+)/2;

7)
the even inversions (4, j) with i = j 4+ 2 (mod 4) and a; < ag+)/2;
the even inversions (4, j) with i = j (mod 4) and a; > a(+jy2—1; and
7)

A

(
(
(
the even inversions (4, j) with i = j (mod 4) and a; < a(4jy/2-1-
Observe that each inversion is of exactly one of these five types. Let By be the set of
inversions of Type k and let By be the number of inversions of Type k, for £k = 1,...,5.
Then B = By and A = By + By + B3+ B, + Bs. To show that A < 5B, it suffices to prove
that B, < By for k =2,...,5. To that end, we will construct an injective map from By to

B, for each k =2,...,5.

(i) For Type 2 inversions, we consider the map By — B; given by

(i,7) = (i, 55%)-

This map is clearly injective, and (i, 22) is an odd inversion. Indeed, a; > A(i+j)/2

2
z+]

and — 1 = %" is an odd integer since i = j + 2 (mod 4).

(ii) For Type 3 inversions, we consider the map B3z — B given by

(i) = (551,9)-

This map is clearly injective, and (’;] ,j) is an odd inversion. Indeed, a; > a; since
(i,7) is an inversion. Thus, a2 > a; > a; and j — ’J” = ] ' is an odd integer since

i=j+2 (mod 4).
(iii) For Type 4 inversions, we consider the map By — B; given by
(i, ) — (i, %L —1).
Similar to the case for Type 2 inversions, this map is well-defined and is injective.

iv) For Type 5 inversions, we consider the map Bs; — B; given
iv) For Type 5 i i ider th B By gi by
(i,5) = (52 = 1,7).
Similar to the case for Type 3 inversions, this map is well-defined and is injective.

(b) We will consider n of the form 4mk for some positive integers m, k. For 1 < i < n, define
a; as follows.
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e If 7 is even and s is the unique integer such that 4sm < ¢ < (4s + 4)m, then set
a; = (6s +2)m —i/2.

e If i is odd and s is the unique integer such that (4s —2)m < i < (4s + 2)m, then set
a; = (6s—1)m — (i +1)/2.

For example, the figure below depicts the points (i,a;) for the case m = 4,k = 3. The
points with ¢ odd are coloured red, while those with ¢ even are coloured blue. The lines are
drawn purely for reference.

If 7 is even then a; lies in the interval [4sm,4sm + 2m) and if 7 is odd then a; lies in the
interval [4sm — 2m,4sm). From these observations, it is clear that a; # a; for i # j.

Letting C' be the number of even inversions, we will show that C' > 3.99B for some m, k.
First, we count the number of even inversions (i, j).

e If 4, j are both even, then (7, j) is an inversion if and only if there is some integer s for
which 4sm < i < j < (4s + 4)m. The number of inversions of this form is k(*").

e If i, j are both odd, then (7, j) is an inversion if and only if there is some integer s for
which (4s —2)m < i < j < (4s+2)m. By only considering 1 < s < k — 1, the number
of inversions of this form is at least (k — 1)(*)").

In total, we have C' > (2k — 1)(*)"). Next, we count the number of odd inversions (i, j).
e If i is even and j is odd, then (7, 7) is an inversion if and only if there is some integer

s for which 4sm < i < j < (4s + 2)m. For each s, the number of such pairs (z, j) is at
most (”21) Across all s, the number of inversions of this form is at most k(’;)
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e If i is odd and j is even, then (i, j) is an inversion if and only if there is some integer s
for which (4s+2)m < i < j < (4s+4)m. For each s, the number of such pairs (¢, j) is

at most (m; 1). Across all s, the number of inversions of this form is at most k(m;r 1).

In total, we have B < k() + k(™) ").

Setting k = m, we have C' > (2m—1) (2;1)

=4m3—4m?+m and B < m(gl) —i—m(mH) =m?.
Thus, for m sufficiently large, we have C' >

2

4
Am3 — A4m? +m > 3.99m3 > 3.99B.
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On a 45 x 45 square grid there is an echidna. From any cell, the echidna can move
to any other cell that shares a side. The echidna makes a sequence of 2024 moves, after which
it has visited each cell exactly once. Prove that it is possible to write the numbers from 1 to
2025, one in each cell, in such a way that:

e For any pair of adjacent cells in the same row, the cell containing the larger number was
visited earlier.

e For any pair of adjacent cells in the same column, the cell containing the larger number
was visited later.

Common remarks. We draw an arrow between each pair of adjacent cells. If the two cells
are in the same row, the arrow goes from the cell visited later to the cell visited earlier. If
the two cells are in the same column, the arrow goes the other way around. In each case, we
want each arrow to point to the smaller number. If the arrows do not form any cycle, then it
is possible to write the numbers as required, in a sequence of 2025 steps. On the i*" step we
follow the arrows from some unnumbered cell until reaching an unnumbered cell which does
not point to another unnumbered cell, and write ¢ in that cell. Therefore, it is enough to prove
that the guiding arrows do not form any cycle.

| T
— ——>*<—— — : —
| i
(b)

(c)

We call a corner in which four cells meet a node. We claim that the four arrows around a
node cannot be arranged as in figure (a), and the four arrows around a cell cannot be arranged
as in (b) or (c) above.

A
A |B B |C |D
C |\D E
Polygon for (a) Polygon for (b)

Indeed, by the direction of the arrows, in (a) the echidna visited both B and C' before it
visited A or D. We can take the path that the echidna took between B and C', and close it
with a diagonal segment to form a polygon which separates A and D. But then the path that
the echidna takes between A and D must intersect this polygon, which is impossible. Similarly,
in (b), the echidna visited both B and D before it visited C, and it visited C' before it visited
A or E. By taking the echidna’s path between B and D, and closing it with C, we create a
polygon that separates A and E. The same argument applies for (c).

In the following, we associate a cycle with the closed curve made up of segments connecting
the centres of consecutive cells in the cycle.
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Solution 1. Suppose that the arrows form a cycle. Consider a cycle L of minimum area, that
is, one that encloses the fewest nodes. It cannot enclose a single node, as that would create (a)
or its reverse, which are impossible. Therefore there exists a cell Cy on L and an adjacent cell
C; such that the arrow between Cy and C] is inside L.

Suppose for the time being that this arrow is oriented from Cj towards C;. We define a
sequence of cells as follows: as long as C} is in the interior of L and has not appeared earlier
in the sequence, the cell C; must have four neighbouring cells, and its four arrows cannot be
arranged as in (b). Thus there is at least one arrow pointing outwards from C;, and we let C;.4
be the cell it points to. This sequence produces an oriented walk. Let C} be the last cell in
the sequence. Then C}, is either in L or it appears somewhere else in the sequence. In the first
case (illustrated on the left below), the walk that we created, together with the segment of L
that goes from Cj, to Cp, creates a cycle of smaller area than L. In the second case (illustrated
on the right below), if C}, = C;, then the walk from C; to C}, is a cycle that lies entirely in the
interior of L, and thus has a smaller area. In either case, we contradict the minimality of L.
We conclude that no cycle exists, as we wanted to show.

\ \ \ C \ \ \ \ C \
7 7 7 7 7 7 7 7
d N 1y N
L4 7
Y Y
Y +
A A
\ Y Y
7
g \ C Vi \
A 4 A h) [4
Z Y +
I N A N
3 Y \ \ Y
7 7 7
) Vi
< <
) Vi Vi ) Vi
A} < < ) A

The case when the arrow between Cy and (' is oriented from C; to Cy is similar. We form a
sequence of cells Cy, ..., C} such that there is an arrow pointing from C;,; to C; for 1 <1 < k,
and C}, is either on L or a repeat of a cell that appears earlier in the sequence. Either way we
have a contradiction analogous to the one we found in the first case.

Solution 2. Suppose that there exists a cycle L. For every node in the interior of L, we will
place four charges around it, one in each of the incident cells. Given a node N and a cell C
incident to it, consider the two arrows that go from C to other cells incident to N. If both
point towards C, or both away from C, we place a positive (+1) charge around N on C. If
one arrow points towards C' and the other away from C, we place a negative (—1) charge. By
double-counting the total charge, we will reach a contradiction.

Start by looking at the charge around each node. Since (a) and its reverse are forbidden,
the four charges cannot all be negative. By parity, there is an even number of negative charges
around each node. Therefore the sum of all charges around each node is nonnegative, and so
is the total sum of all charges.
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Next consider the charges on each cell C. If C'is in the interior of L, it contains four charges.
Since (b) and (c¢) are impossible, the four charges cannot all be positive. Once again by parity,
there is an even number of negative charges on each interior cell, so the total charge on each
interior cell is nonpositive. If C'is on L, we distinguish the cases in which C'is a convex corner,
a flat side, or a concave corner (incident to 1, 2 or 3 interior nodes, respectively). In a convex
corner, the charge must be negative (—1). In a flat side, the total charge must be 0. In a
concave corner, the three charges cannot all be positive, because that would produce (b) or (c).
Therefore the total charge is at most +1. But L is a polygon with 90° and 270° angles, and
therefore has four more convex corners than concave corners. Adding all cells together, we see
that the total charge is at most —4, contradicting the node-wise sum. We reach a contradiction,
so we conclude that no cycle exists, as we wanted to prove.
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Let P be a regular 100-gon. An Aussie triangulation is formed by dividing P into a
set T" of non-overlapping triangles such that:

e there are exactly 2025 different points, including the 100 vertices of P, that are a vertex
of at least one triangle in 7', and

e no three of these 2025 points are collinear.

A quokkalateral is a convex quadrilateral that consists of two triangles in 7" sharing a common
side. Two quokkalaterals may share a triangle in 7T'.
Determine the minimum number of quokkalaterals among all Aussie triangulations.

Answer: The minimum number of quokkalaterals is 1011.

Solution. We will solve the problem in general where P is a regular m-gon and there are
exactly n different points that are a vertex of at least one triangle in 7. We let ¢ be the total
number of quokkalaterals in such a configuration. So the problem is to find the minimum value
of ¢, given that n = 2025 and m = 100.

Let the n — m vertices which are not vertices of P be called interior vertices, and let the
edges which are not edges of P be called interior edges. Consider the sum of the interior angles
of all the triangles in 7. Each of the interior vertices of the triangulation contributes 360° to
the sum, and the vertices of P together contribute the sum of the interior angles of P, so

|T|-180° = (n—m) - 360° + (m —2)-180° = |T|=2n—m —2.

Let e be the number of interior edges, and count the three edges of each triangle in 7. Each
side of the m-gon is counted once, and each interior edge is counted twice, so

3T =m+2e = e=3n—2m—3.

We mark some of the interior edges with arrows as follows. Let zy be an interior edge,
where xy belongs to the triangle zyz on one side and xyw on the other side.

Xz

Figure 2: The direction of an arrow edge.

e Suppose that the quadrilateral xzyw has an interior angle larger than 180° (it cannot
have more than one). Since its interior angles at z and w are interior angles of triangles
in T, they are both less than 180°, so exactly one of its interior angles at x and y exceeds
180°. Suppose that is the interior angle at y. We put an arrow on edge xy pointing to vy,
as shown in Figure 2, and we say y is the head of arrow 7.

o If zzyw is convex, then we do not mark the edge xy at all.
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An arrow 77 indicates that the two adjacent interior angles around y separated by the edge
xy have a sum larger than 180°. Now we make some trivial observations about the number of
arrows that can point to a single vertex.

1. Because P is convex, only internal vertices can be the head of an arrow.

2. If a vertex y is the head of two different arrows 79 and Z37, then z1y and x9y are two
adjacent edges around y. Otherwise, the pair of interior angles around y separated by x1y
and the pair separated by xoy are four disjoint angles around y with a sum larger than
360°, which is impossible.

3. Consequently, any vertex y is the head of at most three different arrows, and if it is the
head of three different arrows Z17, T2y and T3y, then vertex y is not incident to any edge
other than these three.

Figure 3: Points v € V5 and u € V5.

Let Vi denote the set of all internal vertices which are the head of exactly k& arrows, for
k=0,1,2,3. Examples are shown in Figure 3. Since the number of internal vertices is n —m
and each vertex is the head of at most 3 arrows this means

Vsl + [Va] + [Vi] + [Vo| = n —m.
Multiplying by 3 and ignoring some terms on the left hand side yields
3|V3| + 3|Va| + 2|Vi| < 3(n—m). (1)

The problem asks us to minimise the number of internal edges with no arrow. Since the total
number of edges is fixed (e = 3n — 2m — 3), this is equivalent to maximising the number
of arrows. Counting the heads of arrows around each vertex, the quantity we are trying to
maximise is
3|Vs| + 2[Va| + VAl
Now define an optimal face to be a triangle in T such that two of its sides are arrows with
a common head (see Figure 4). For each vertex v € V5 there are three optimal faces around v,

and for each vertex u € V5 there is one optimal face around u. So the total number of optimal
faces is given by 3|V3| + |V,|. Each optimal face is a triangle in T', so

3|V + |Va| <|T| =2n—m — 2. (2)
Summing equations (1) and (2) yields the upper bound we are looking for:

(3|V3| + 3|Va| + 2|Vi]) + (B|V3| + [Va]) < 3(n—m) + (2n — m — 2)
n —4m — 2

= 3|V3| + 2|Va| + V1] < 5
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Figure 4: An Aussie triangulation, with optimal faces shaded.

The total number of internal edges is e = 3n—2m—3. Hence the total number of quokkalaterals
(which is in one-to-one correspondence with the internal edges which are not arrows) is
on—4m—2 n—4

q=-c— (3|V3|+ 2|V + [V4]) = 3n —2m — 3) — 5 =

Somewhat unexpectedly, this bound is independent of m. In the original question we had
n = 2025 so the number of quokkalaterals in an Aussie triangulation is always at least 1011.
Finally, we provide an explicit Aussie triangulation with exactly 1011 quokkalaterals. For
clarity, we give colours to the edges, and make sure the black edges are all arrows. First,
construct diagonals that triangulate P with 97 blue diagonals and 98 triangles, using all the
diagonals from a vertex A;. Inside each AA;A; A1 (i = 3,4,...,99), add one vertex v; and
triangulate it with three black edges from v; to Ay, A;, and A; .1, respectively. See the left hand
diagram in Figure 5. We will not put extra vertices in AA;A;A; .1, so these black edges will be
arrows. Note that we do not do this for ¢ = 2, so the number of internal vertices so far is 97.

Figure 5: Construction of an Aussie triangulation with exactly 1011 quokkalaterals.

We still need to put 2025 — 100 — 97 = 2 x 914 vertices inside AA;A>A3. Since affine
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transformations of the plane do not affect the convexity of any shape, for clarity we may draw
NA A3 Ag as equilateral, as seen on the right in Figure 5.

Draw a convex arc from A; to Az, and on the arc pick 914 points Bj, Bo, ..., Bgy4 in that
order. Connect Ay By, B1Bs, ..., Bg13Bg14 with black edges, connect A, to each B; with a black
edge, and connect As to each B; with a blue edge. Finally, add one point in each AB;B;,1As,
connected to B;, B;;1 and Az by edges with the point as close to Az as necessary so that
B;B;.1 is an arrow directed towards B;,;. Similarly add a point inside AA;B{A3. It is clear
by the choice of these points that each black edge mentioned above is an arrow. The number
of quokkalaterals is the number of blue edges, which is 97 +914 = 1011. Since we proved there
cannot be fewer than 1011 quokkalaterals, this example completes the solution.

Comment. There are many other constructions achieving ¢ = ["774] quokkalaterals. To find an
optimal Aussie triangulation when n = 2m — 2, one simply tries to maximise the number of vertices
in V5 u V3, and simultaneously have as many optimal triangles in 7" as possible.

e For even n, the bound ¢ = [%1 is realised by any construction with Vo = Vi = & in which

every triangle in 7' is optimal.

e For odd n, the optimal constructions are of two types. Either Vy = V1 = (J and only one triangle
in T is non-optimal; or Vo = ¢, |[V4| = 1, and all triangles in T" are optimal.

With a little extra analysis of the proof, particularly the inequalities (1) and (2), it can be seen that
optimal Aussie triangulations must have |Va| = 914 and |V3| = 1011 (as in our example), or |Va| = 912
and |V3] = 1012, with one vertex in Vj.
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Consider a 2025 x 2025 grid of unit squares. We place on the grid some number of
rectangular tiles, possibly of different sizes, such that each side of every tile lies on a grid line
and every unit square is covered by at most one tile.

Determine the minimum number of tiles we need to place so that each row and each column
has exactly one unit square that is not covered by any tile.

Answer: We need to place at least 2025 4+ 2 x 45 — 3 = 2112 rectangles.

Solution 1. We consider the more general case of an n x n grid where n = k? is a square
number, and prove that the answer is k? + 2k — 3. For the construction, consider the following
pattern, which we illustrate below in the case of k = 4. There are (k — 1)? rectangles in the
centre, and k — 1 rectangles along each of the four sides, giving a total of k% 4 2k — 3 rectangles.

X ]
X

X

| X

Xl

X
[ | X

For the lower bound, take any configuration of rectangles and label every exposed square
with an X. Surround the original grid with four n x 1 rectangles.

A rising path is a path travelling along the sides of the rectangles in the up and right
directions. Note that we allow length zero rising paths. Let zi,x5,...,2, be the longest
possible sequence of Xs with the following properties:

e There is a rising path connecting the bottom left corner of the grid with the bottom left
corner of x;.

e For each 1 = 1,2,...,m — 1, there is a rising path connecting the top right corner of z;
with the bottom left corner of x; 4.

e There is a rising path connecting the top right corner of x,, to the top right corner of the
grid.

These rising paths and x1, 2o, ..., x,, together form a great barrier reef which divides the grid
into two regions. Let U be the set of Xs in the upper region, let £ be the set of Xs in the lower
region, and let X' be the set {z1,xs,...,2,,} which are the Xs on the great barrier reef. Note
that U, £ and X form a partition of the Xs.
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For each X in X U L, we connect it to two rectangles — the one to the right of it and the
one below it. This creates a number of disjoint lower chains. Since each X is connected to
two rectangles and each rectangle is connected to at most two Xs, each chain must alternate
between rectangles and Xs. Cycles are not possible, as the Xs form an increasing sequence, that
is, each X is above and to the right of the previous X in the chain. So each chain must start
and finish with a rectangle. Finally, all rectangles must be in the lower region, as they cannot
cross the great barrier reef.

Similarly, for each X in X UU, we connect it to two rectangles — the one to the left of it and
the one above it. This again creates a number of disjoint upper chains, where the rectangles
are in the upper region. The properties of lower chains hold analogously for upper chains. The
upper and lower chains must be disjoint, with the exception of the Xs in X. The following
diagram shows the great barrier reef as well as the upper and lower chains.

XX
("] |

Claim. Each chain has at most m Xs.

Proof. Suppose there is a chain with Xs labelled y1, s, ...,y where [ > m. We will show that
they can be used in a greater barrier reef, which would violate the maximality of m.

By the construction of the chain, there is clearly a rising path between y; and y;,, for
i =1,2,...,1—1, via the rectangles in the chain. To find a connecting rising path between the
bottom left corner of the grid and the bottom left corner of y;, we note that in a rectangular
tiling, it is always possible to either travel downward or leftward from a vertex. So we can
start from the bottom left corner of y;, moving either downward or leftward until we reach the
bottom left corner of the grid. Similarly, the top right of y,, can always be connected by a
rising path to the top right of the grid.

Thus we have constructed a greater barrier reef with more than m Xs, which is a contradic-
tion. ]

We return to the upper and lower chains. Every X in & u £ belongs to exactly one chain,
while each of the m Xs in X belongs to exactly two chains. Counting the Xs in X twice, we
have a total of m + k? Xs. By our claim, each chain can have at most m Xs, so we must have
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at least (m + k*)/m = 1 4+ k*/m chains. Since each chain has exactly one more rectangle than
Xs, and different chains have different rectangles, there must be at least

k2 k2
(m+k2)+(1+—)=k2+(m+—)+1>k2+2k+1
m m

rectangles. Removing the four rectangles we added initially on the outside, there must be at
least k% + 2k — 3 rectangles, as required.

Comment. This problem admits a much nicer answer and construction than it does in the general
case, because of the fact that 2025 is perfect square. If 2025 is replaced by a general n, the solution
above can be adapted to show that the bound is given by [n + 24/n — 3], and the construction is more
complicated.

Solution 2. We provide a different proof of the lower bound. Once again, let n = k2, and take
a configuration of rectangles and label every exposed square with an X. Add two additional
n x 1 rectangles beyond the left and right sides of the grid, completely covering those sides. We
will draw blue and red waterfalls which flow along the sides of the rectangles and through the
Xs. The red waterfalls will flow in the down and right directions, while the blue waterfalls will
flow in the down and left directions. We draw them according the following rules:

1. From each X, a red waterfall flows to the rectangle to its right, and then flows downward
to the bottom left corner of this rectangle. Similarly, from each X, a blue waterfall flows
from it to the rectangle to its left, and then flows downward to the bottom right corner
of this rectangle.

2. Consider each rectangle R that has an X directly below. If there is a red waterfall in the
bottom left corner of R, extend the waterfall rightward until it flows into the X. Similarly,
if there is a blue waterfall in the bottom right corner of R, extend it leftward until it flows
into the X.

3. Consider each rectangle R that does not have an X directly below, and has both a red
waterfall in the bottom left corner and a blue waterfall in the bottom right corner.

(a) Suppose that the X on the bottom row of R (that is, standing on the same horizontal
grid line) is to the left of R. Check the bottom right corner of R. If there is a
rectangle S below R such that their right sides are aligned, then extend the blue
waterfall downward until it reaches the bottom right corner of S. Otherwise, there
must be a rectangle T to the right of R such that their bottom sides are aligned. In
this case, extend the red waterfall rightward until it reaches the bottom left corner
of T'. See Figure 6 for the two possible cases.

(b) In the case that the X on the bottom row of R is to the right of R, we perform
analogous waterfall extensions, but swapping left with right, and red with blue.

These steps are carried out repeatedly until no more waterfalls can be drawn or extended.
From the rules, we see that each red waterfall flows downward from an X, makes at most one
turn rightward, before possibly flowing into another X. Each blue waterfall flows downward
from an X, makes at most one turn leftward, before possibly flowing into another X.

Claim 2.1. A blue and a red waterfall cannot flow along the same line segment.
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S '

Figure 6: The two possible applications of Rule 3(a), depending on the tiling at the bottom
right corner of R. Only one of the waterfalls is extended.

Proof. Suppose a blue and a red waterfall flow along the same line segment. If the segment
is vertical, then the waterfalls must have travelled from the two Xs on the two sides of this
vertical line. However, by Rule 2, the waterfall from the higher X must turn before passing the
lower X, so this is impossible.

If the two waterfalls flow along the same horizontal segment, they do so along the bottom
side of a rectangle. But this cannot occur during an application of Rule 2, because they will
flow into the X below the rectangle before meeting; and nor can it occur during an application
of Rule 3, as only one of the two waterfalls will flow horizontally. So this is also impossible.

[

Claim 2.2. Two waterfalls of the same colour cannot intersect.

Proof. Two waterfalls cannot merge while they are still travelling vertically, as they would have
to have travelled from two Xs in the same column.

Since each waterfall makes at most one turn (from vertical to horizontal) before flowing into
the next X or terminating, it remains to check the possibility of a vertically flowing waterfall
merging with a horizontally flowing waterfall. Without loss of generality, suppose two blue
waterfalls merge at the bottom left corner of rectangle R. The horizontally moving blue waterfall
can only reach the bottom left corner of R via Rule 3, which implies that there must be a red
waterfall flowing downward on the left side of R. By Claim 2.1 there cannot also be a blue
waterfall flowing downward on the left side of R, so this is impossible. O

Each red waterfall must terminate at the bottom left corner of a rectangle, and each blue
waterfall must terminate at the bottom right corner of a rectangle. Let such rectangles be the
basins of the respective waterfalls. Figure 7 shows the blue and red waterfalls as well as their
basins.

Claim 2.5. No two waterfalls have the same basin.

Proof. By Claim 2.2, two waterfalls of the same colour cannot intersect, so they cannot have
the same basin. If two waterfalls of different colours have the same basin, then the red waterfall
must end at the bottom left corner and the blue waterfall must end at the bottom right corner
of the common basin. But this contradicts Rule 3, which says that one of the waterfalls will be
extended. ]

We return to the problem at hand. Every X belongs to one red waterfall and one blue
waterfall. Since blue waterfalls flow down and left, while red waterfalls flow down and right,
a blue waterfall and a red waterfall cannot share more than one X. Suppose there are b blue
waterfalls and r red waterfalls. Then there must be a blue waterfall flowing through at least
k?/b Xs. Since these Xs must belong to distinct red waterfalls, we must have r > k?/b. Hence
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Figure 7: The blue and red waterfalls are shown above. The arrow at the end of each waterfall
points toward its basin.

by Claim 2.3, in total, there must be at least

k?
b+7‘>b+?>2k‘

basins.

There are k? — 1 rectangles that have an X directly below. By Rule 2, a basin cannot have
an X directly below, giving us at least 2k additional rectangles. Removing the two rectangles
outside of the original grid, we must have at least k? — 1 + 2k — 2 = k% 4+ 2k — 3 rectangles in
total, completing the solution.

Solution 3. We provide another proof of the lower bound. As in the first solution, we write
k = 45 so that n = k2, and surround the n x n grid with four n x 1 rectangles.

We note that every exposed square marked X has a unique rectangle adjacent to the left
and a unique rectangle adjacent to the right. Because no two Xs are in the same column, every
rectangle has at most one X adjacent to the left, and at most one X adjacent to the right. We
define a buoy line to be a sequence

Rl; X17 R27 X27 R37 R Rm7 Xm7 Rm+17

where R; is the rectangle adjacent to the X-marked square X;, on the left of X;; R;, 1 is the
rectangle adjacent to X;, on the right of X;; R; does not have an X adjacent to the left; and
R,,+1 does not have an X adjacent to the right. We allow m = 0, in which case the buoy line
is just a single rectangle R;. Then every X and every rectangle is contained in a unique buoy
line.
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X

X

X

Note that every nonempty intersection of a column with a buoy line is a continguous block
of unit squares. We define a binary relation < on the set of buoy lines, where we say that
C < C' when

e C # (' and

e there exists a column [ intersecting both C' and C” for which I n C’ lies above I n C.

Claim 3.1. Let C' and C' be two buoy lines satisfying C' < C’. If a column [ intersects both
C and C’, then I n C’ lies above I n C.

Proof. By definition, the statement is true for some column I. Because the set of columns
intersecting both C' and C’ form a contiguous block of columns, it suffices to show that if I, I’
are adjacent columns and the statement is true for I, then it is also true for I’. This is clear as
I n C must be connected to I’ n C' and similarly for C". ]

Claim 3.2. The binary relation < can be extended to a linear order on the set of buoy lines.

Proof. We prove by induction on n that for any set .S of buoy lines of size n, the binary relation
< extends to a linear order on S. The case n = 1 is clear. We consider the case n > 2, assuming
the statement holds for smaller values of n.

If there exists a column that intersects all buoy lines in .S, then < is already a total order
by Claim 3.1 and hence we are done. Otherwise, there exists a vertical line L with the property
that the subset A < S of buoy lines completely on the left of L is nonempty, and also the subset
B < S of buoy lines completely on the right of L is nonempty. It is clear that An B =
and < restricted to S — (A U B) is a linear order. By the inductive hypothesis, the relation <
on S — A can be extended to a total order, and the relation < on S — B can be extended to
a total order. On the other hand, elements of A and B are incomparable to each other. This
shows that we can extend < on S into a total order by combining the total orders on S — A
and S — B. ]

We now label the buoy lines as
007017 s 7COM
so that C; < C; implies ¢ < j. Let m; be the number of Xs contained in C;. Then C; contains
m; + 1 rectangles, and mg + - - - + m, = n. Hence the total number of rectangles is n + a + 1.

Claim 3.3. For every 0 < i < a we have m; < min(i, o — 7).

Proof. For every X in (Y, ...,C;, there exists a unique rectangle adjacent to it below. Such
rectangles are all distinct, because none of the Xs are in the same row, and each of these
rectangles is in one of Cy, ..., C;_1. This shows that

m0+---+mi<(m0+1)+---+(m,~_1—|—1),

and hence m; < i. By a similar argument, but using adjacent rectangles above X-marked
squares, we see that m; < a — 1. []
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We now observe that a > 2k = 24/n, because otherwise
n=mo+- - +me<O+1+-+Ek-1)+ (k-1 + - +0) =k —k

leads to a contradiction. We conclude that the number of rectangles n + o + 1 is at least
k? + 2k + 1, and hence after removing the four auxiliary n x 1 rectangles, the number of
rectangles is at least k% 4+ 2k — 3.

Solution 4. As with the other solutions, let us take a configuration of rectangles and label
every exposed square with an X. We treat it as a planar graph, and let L, V, E and F
be the number of leaves, vertices, edges and faces respectively (recall that leaves are vertices
incident with only one edge). Initially we observe that L = 0 in our graph. By Euler’s formula
V — FE + F =1, where we are excluding the outside face. Since F is the number of Xs and
rectangles, it is sufficient to show that F' > 2n 4+ 24/n — 3, or equivalently,

E—-V+L>2n—2Jn—4.

We now perform a series of alterations to the graph as shown below, in which the value of
E —V + L is invariant.

X X

—> —> —e | 0—

X X
X X

e For each pair of Xs that are diagonally adjacent (have a corner in common) replace the
corner with a pair of vertices joined by a horizontal edge.

e For each corner of an X that is a vertex of degree 4 but not the corner of any other X,
retract the horizontal edge connecting to the X at this corner to form a new vertex of
degree 1 and reduce the degree of the corner from 4 to 3.

e For each vertex of degree 4 that is not the vertex of an X, retract the two incident
horizontal edges, forming two new vertices, and merge the two vertical edges into a single
edge, removing the original vertex.

e For each vertex of degree 3 that is not the vertex of an X, retract the edge with no
opposing edge, forming one new vertex, and merge the other two edges, removing the
original vertex.

One can verify that the value of F — V + L is invariant under each such alteration. After
performing all possible alterations we arrive at a new planar graph. Call this new graph G.

We now colour the edges in G which join the corners of two different Xs. Colour these
edges green if they are vertical, and colour them gold if they are horizontal. The alterations
we performed earlier ensure that no green edge intersects with a gold edge. Observe that the
green edges link the Xs into green chains. Note that a green chain may consist of a single X
incident with no green edges. Define gold chains analogously.
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X X! ]
X X

X X
X X ..

The original graph The graph G

Lemma. A gold chain and a green chain can intersect in at most one X.

Proof. Let (1,0(1)),...,(n,o(n)) be the coordinates of the Xs. For the sake of contradiction,
assume we have green and gold chains intersecting at two different Xs. Pick a minimal example
of this — a pair of Xs (4,0(¢)) and (j,0(j)) with ¢ < j in the same green and gold chains with
minimal j —i. Without loss of generality, suppose that o(i) < (7). Note that the x-coordinates
of the Xs in a green chain are consecutive numbers, while the y-coordinates of the Xs in a gold
chain are consecutive numbers. Consider the green and gold chains linking these two Xs:

green chain : (i,0(7)), (1 + 1,0(i + 1)), ..., (4,0()))
gold chain : (4,0 (7)), (¢ (o(i) +1),0(i) + 1), ..., (j,o(5))

By the minimality of j—i, there cannot be an X at (I, 0(1)) withi < < jand o(i) < o(l) < o(j),
because otherwise it would appear in both chains. Hence, there cannot be any Xs within the
rectangle [i + 1,7 — 1] x [o(i) + 1,0(j) — 1], shown dotted in the diagram below.

X

X

However, at some point, the gold chain must cross the dotted rectangle horizontally and the
green chain must cross the dotted rectangle vertically (possibly along the boundary of the
dotted rectangle), which contradicts the fact that no green and gold edge can touch by our
construction. ]

We return to the original problem. Let a be the number of green chains and let b be the
number of gold chains. Each X lies on exactly one green and exactly one gold chain, so by the
lemma we get n < ab. Note that a green chain with ¢ Xs consists of (t — 1) green edges, and
since the total number of Xs is n, this means there are (n — a) green edges in total. Similarly
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there are (n — b) gold edges in total. Let g = (n —a) + (n — b) be the total number of green
and gold edges. By the AM-GM inequality we get

g=2n—(a+0b)<2n—2vVab < 2n —2y/n. (1)

Suppose c of the Xs are in the corners of the grid. Each vertex of GG is either a vertex of an
X, a corner of the grid, or a leaf. Hence,

V=4n+4—c+ L.

Next, we bound F below by only counting the edges incident to an X. Each X has four sides
plus an additional edge incident to each corner, unless this corner is the corner of the grid. The
edges which are incident to two different Xs are precisely the green and gold edges. Hence,

Ez4dn+4dn—-—c—g=8n—g—c.
Putting this all together yields
E-V+L>@Bn—g—c)—(4n+4d—c+L)+L=4n—g—4.
Finally, using equation (1) we get
E-V+Lz4n—g—4>4n—(2n—2y/n) —4=2n+2/n—4
as required.

Comment. Problem 5 of Romanian Master of Mathematics 2017 asked a seemingly similar problem,
where the rectangular tiles are replaced by 1 x m tiles. However, that was a vastly simpler and easier
problem and the ideas used are not at all helpful for solving this problem.
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Geometry

Let ABC be a triangle such that ZA is obtuse. Let D and E be points on sides AB
and AC, respectively, such that BDEC' is cyclic. Suppose the circumcircle of triangle ADFE
intersects side BC' at two points X and Y, where B, X, Y and C lie in that order. Let the
circumcircles of triangles BDX and CEY be 2 and I, respectively. Let P be a point such that
PD is tangent to 2 and PFE is tangent to ['. Let ) be a point such that ) B is tangent to ()
and QC is tangent to I'.

Prove that points A, P and () are collinear.

Solution 1. Define ¢ to be the radical axis of {2 and I'. Note that a point lies on ¢ if its
tangents to €2 and I' are equal in length. First, we will show that A lies on ¢. Second, we will
show that AX = AY. Third, we will show that () lies on ¢. Fourth, we will show that P lies
on (. Together, these will imply that A, P, and () are collinear.

First, we show that A lies on the radical axis ¢. This is because BDFEC is cyclic, so
AB-AD = AC - AE, which means the power of A with respect to I and €2 are equal.

Second, we show that AX = AY. Since AEXD and BDEC are cyclic, we have ZAXD =
LAED = ZCBD. Therefore, AX is tangent to 2. Similarly, AY is tangent to I". Since A lies
on /, we have AX = AY.

Third, we show that @) lies on the radical axis £. It suffices to show that QB = QC, or
ZQBC = ZBCQ. This follows from

ZQBC = /BDX = ZAYX = /YXA=/LYEC = £ZBCQ.

Fourth, we show that P lies on the radical axis ¢. Note that /ZPDA = ZDXB, since PD
is tangent to 2. To prove P lies on /, it suffices to show PD = PE, or /ZPDE = ZDFEP. This
follows from

/LPDE =/PDA—-/EDA=/DXB—-/ECB=/DEY —/ZPEY = /ZDEP.
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Solution 2. We provide an alternative solution that does not rely on the properties of the
radical axis. We begin by proving @B = QC and PD = PFE in the same way as Solution 1.

Define F' on line AB such that DP || FQ. Then ZBFQ = ZBDP = ZQBD = ZQBF,
where the second equality follows from QB and PD being tangent to ). Therefore, QB = QF'.
Define G on line AC such that EP || GQ. It follows similarly that QC = QG.

Consider triangles PDE and QFG. We have PD = PE, and QF = QB = QC = QG.
Moreover, PD || QF and PE || QG. Therefore, PDE and QFG are similar isosceles triangles.
There is a dilation centred at A sending APDFE to AQFG, so A, P and () are collinear.



66 Sunshine Coast QLD, Australia, 10t"-20" July 2025

Let ABC' be an acute-angled triangle. Let Iz and I be the excentres of triangle
ABC opposite B and C, respectively. Let E be a point on line BA such that ZEIgB = 90°.
Let F be a point on line C'A such that ZC'IcF = 90°. Let the circle with centre Ig and radius
IgE intersect the segment IgpB at X. Let the circle with centre /o and radius IoF' intersect
the segment IoC at Y.

Prove that BY is perpendicular to C'X.

The excentre of a triangle ABC' opposite vertex B is the centre of the circle that is tangent to
line segment AC, to ray BA beyond A, and to ray BC beyond C. The excentre opposite C' 1is
similarly defined.

Solution 1. We will prove that ABIoY ~ AXIgC'. It will follow that BY 1 CX, since we
know ]CB 1 XIB and Icy i CIB

First, we will prove that ZBIoY = ZX1gC. This follows from the fact that that ZIgBls =
ZIgCle = 90°, so IoIgCB is cyclic.

BI, IcY
Second, we will prove that ¢ _ C_, which with the above, proves ABIoY ~ AXIgC.
XIg IgC

Note that I, A, I are collinear. Moreover, we have IoB || Elg, since Bl is perpendicular to
both of them. This means that ABIcA ~ AEIgA, and we similarly have AIcFA ~ AIgCA.

Therefore,

Ble Ble IcA IcF 1Y
XIg Elg IgA IgC IgC’
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BI, 1Y
Solution 2. We provide an alternative way to obtain SR
Xl IgC

Let Elp intersect BC at (. Let Flo intersect BC' at H.

First, we will prove that ABHI- ~ AGCIg. Since GIg L Blg and Blg | Blg, we have
GIp || Blc. Similarly, Clp || Hlc. Also, BH || GC. Therefore, ABHIc ~ AGClIp.

Since LFC]C = LICC’H, LC]CF = LHICC’, and Icc = ]CC, we get AH]CvC = AFICC
Therefore, Hlo = Flo = Y1c. Similarly, GIg = XIg. Combining with ABHIo ~ AGClp:

Blc  Ble Glp Xlp

IcY IoH IgC  IgC~

Solution 3. We begin similarly to Solution 2. Let Elp intersect BC' at GG. Let F'Is intersect
BC at H. Then HIo = Yo, GIg = XIg, which implies that AIcY H and AIgGX are
right-angled isoceles triangles. Moreover, from Solution 2, we have ABH I ~ AGClp.




68 Sunshine Coast QLD, Australia, 10t"-20" July 2025

Construct K so that IoBK is a right-angled isosceles triangle. Then IcBHK ~ IgGCX,
which implies HK || CX.

Finally, in AIcHK and AI-Y B, the pairs of sides (I¢ K, IcB) and (IcH, IoY) are equal
and perpendicular. Therefore, the final pair of sides (K H, BY') are equal and perpendicular.
So HK 1 BY. Combining this with HK || CX yields BY 1 CX.
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Let ABC be an acute-angled triangle with AB < AC'. Let I' be the circumcircle of
triangle ABC. The perpendicular from B to AC intersects I again at D # B. Let () be the
point on I' such that Q # B and AB = A(Q. Lines B(Q and AC intersect at R. Line DR
intersects ' again at S # D. Segment BC' intersects the circumcircle of triangle QRS at T.
Lines T'Q) and RS intersect at X.

Prove that C'X is perpendicular to AB.

Solution 1. Let 7" be the reflection of @) across CR. Then RQ) = RT’ and BD || T'Q.
Therefore, ZQSR = ZQBD = ZRQT' = ZQT'R, so RQST' is cyclic. Since AB and AQ
subtend equal angles at C, point 7" lies on BC'. It follows that 7" = T.

As BD || TQ and DCSB is cyclic, we have ZCTX = /CBD = ZCSX, so XCST is cyclic.
Thus ZXCT = ZXST. As RQST is cyclic, we have /X ST = ZRQT. As BQT is on a circle
with centre A, we have ZRQT = %LBAT = 90° — ZTBA. Hence ZXCT = 90° — ZCBA,
which implies that CX 1 AB, as required.

Solution 2. Let O be the circumcentre of triangle QSR. Then ZORQ) = 90° — %LQOR =
90° — LZQSR = 90° — LQBD = LARB, so line AC passes through O. Since AB = AQ), the
line AC' bisects ZQCT. Tt now follows that AC L TQ).

S

From here, we have T'Q || BD. Let L and K be the points of intersection of BD and QT,
respectively, with line AC. This gives rise to the pairs of similar triangles ARKX ~ ARLD,
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ARQK ~ ARBL and ACBL ~ ACQK. Thus

KX KR KQ CK

LD LR LB CL’
so ACXK ~ ACDL, which gives ZACX = /DCA = ZDBA. As AC L BD, it now follows
that CX 1 AB, as required.

Solution 3. Let H be the orthocentre of triangle ABC. Then D is the reflection of H across
the side AC'. Let G and J be the reflections of H across the sides BC and AB, respectively.
Then AD = AJ and BJ = BG. Since AB = AQ), it follows that DQ) = BJ = BG. Thus
QG || BD L AC.

Let T" be the second point of intersection between circle QRS and line QG. Then ZQT'R =
ZQSR = /ZQSD. Since DQ = BG, we have ZQSD = /BQG = ZRQT’. Thus ZQT'R =
ZRQT’, and so RQ) = RT’. Then LACT' = /ZRCT' = /ZQCR = /QCA = ZACB. Thus
point 7" is on line BC', and therefore 77 = T.

Consider the triangles DFR and GK'T. Since points F' and K are midpoints of HD and
HG, respectively, we have F'K || DG. Since ZQTR = ZQSD = LQGD, we have RT || DG.
Thus the triangles DFR and GKT are in perspective and so, by Desargues’ Theorem, the
point X lies on the line CH. Hence C'X 1 AB, as required.

Comment. For an alternative ending, we can employ Pascal’s Theorem instead of Desargues’ Theorem.
Let Y be the point where circle CSR meets the altitude CH. Angle chasing shows that Y lies on
BQ@ and AS. By Pascal’s Theorem applied to the hexagon ASDBQG, the points X, Y and H are
collinear, so X is on the altitude C'H.
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Let 2 and I' be circles centred at M and N, respectively, such that the radius of 2
is smaller than the radius of I'. Suppose circles 2 and I intersect at two distinct points A and
B. Line M N intersects €2 at C' and I" at D, such that points C', M, N and D lie on the line in
that order. Let P be the circumcentre of triangle ACD. Line AP intersects {2 again at F # A.
Line AP intersects I' again at F' # A. Let H be the orthocentre of triangle PMN.

Prove that the line passing through H parallel to AP is tangent to the circumcircle of
triangle BEF.

Solution 1. Let T be the intersection of lines M E and NF. We will first show that circle
BFFE passes through T', then we will show that line T'H is parallel to AP and tangent to circle
BFE.

We have that ZOPA =2/CDA = /BDA = ZBFA, so we conclude PC' || FB. Similarly,
PD || BE. We also have ZEFT = /NAP = /PDN = ZMCP = LPAM = ZMFEA =
ZTEF, so we get AEFT and ADCP are isosceles and AEFT ~ ADCP.

As /ZFTE = ZCPD = 180° — ZEBF, we have that the points B, F,T, E are concyclic.
In circle BFTE, we have line BT bisects ZEBF, and we also have that side C'D in isosceles
triangle C'DP is parallel to the external bisector of ZC'PD. This means that BT || C'D.

From /CPH = 1/CPD = {(LCPA+ LAPD) = /MPA+ ZAPN = Z/MPN, we get
/CPM = /ZHPN. Hence,

/NMT =/BTM = /BFFE = /CPA=2/CPM =2/HPN =2/NMH

and M H bisects ZNMT'. Similarly we get NH bisects ZTNM.
It follows that H is the incentre of AMTN, and TH bisects ZMTN. Thus, in isosceles
triangle EFT, segment T H is parallel to line AFF P and is tangent to circle EFT.
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Solution 2. Observe that AC is a common chord of 2 and circle AC'D, thus A and C are
symmetric with respect to the line M P. Similarly, A and D are symmetric with respect to the
line NP. Since we have PC = PD, we have

LPAM = /MCP = /ZPDN = /ZNAP.

We now have LZMEA = ZEAM = ZNAFE, and so EM || NA. Similarly, FN || MA.
Let T be the intersection of lines M F and NF, so AMTN is a parallelogram.

Since AB is a common chord of €2 and I, A and B are symmetric with respect to M N. Hence
LNMB = ZAMN = ZTNM and BM = AM = NT, so MBTN is an isosceles trapezium.
Hence, we get ZTMB = ZTNB. We also have % =1= % and so AEMB ~ AFNB. We
now have

/EBF =/MBN = /MTN = /180° — ZFTE.

Thus, BFTE is cyclic. This means that ZEFT = /NAF = /TFEF, so ATEF is isosce-
les. Thus it suffices to prove that HT is parallel to FF, as then HT will be tangent to the
circumcircle of ABFE at T.

First, we notice that HN is perpendicular to PM and PM is perpendicular to AC. Thus,
HN || AC. Similarly, HM || AD. Let @ be the intersection of lines AP and MN. As
/ZPAM = ZPDN, we have that DAMP is cyclic. Similarly, we also have that CPNA is
cyclic. Hence, using power of a point we get

QC-QN =QA-QP =QM-QD.

Thus,

oM _ QN _,

QC QD
Let L be the point on segment A(Q) such that 8—51 = k. By similar triangles, we get that
ML || CA || HN and NL || DA || HM. Thus, LM HN is a parallelogram. Since AMTN is
also a parallelogram, we get that HT is parallel to AL, so HT is parallel to EF. This implies
that HT is tangent to the circumcircle of ABFE and we are done.
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Let ABCD be a convex quadrilateral with ZADC' > 90°. Suppose that points X and
Y lie on diagonal AC' such that

LADX =/YDC =90°, ZCAD =/ZCBX, and ZDCA=/LYBA.

Let O be the circumcentre of triangle BXY. Suppose point R # O lies on the perpendicular
bisector of AC such that lines OR and AC' are parallel.

Prove that line RO bisects angle ZDRB.

Solution 1. Let @ be the reflection of B in line RO. Since O is the centre of circle BXY,
point () lies on the same circle. Our goal is to show that ) lies on ray RD, as then ZDRB is
equal to ZQRB. This means that RO bisects ZDRB by the definition of point ().

By the condition ZADC > 90° and ZADX = ZY DC = 90°, points A, Y, X and C are
distinct and lie on line AC' in this order.

Let rays DX and DY meet circle ACD again at U # D and V # D, respectively. Since
ZADU = ZVDC = 90°, segments AU and CV are diameters in circle ACD, so AVUC'is a
rectangle. Furthermore, as Z/CBX = ZCAD = ZCUD = ZCUX, the quadrilateral BUCX
is cyclic. Due to ZXCU = LZACU = 90°, segment UX is a diameter in circle BUCX. It can
be seen similarly that quadrilateral AV BY is cyclic, and VY is a diameter in circle AV BY'.

) Sl NN




74 Sunshine Coast QLD, Australia, 10t"-20" July 2025

B

Let O and O, be the circumcentres of quadrilaterals AV BY and BUCX.
Claim 1.1. O10,RO0 is an isosceles trapezium with 010, || RO || AC.

Proof. Since O and O, are the midpoints of VY and UX, respectively, 0105 is the midline
of the trapezium VUXY, so 010, || AC. On the other hand, RO is perpendicular to the
perpendicular bisector of AC, so RO || AC. Note that lines O;0y and RO cannot coincide,
because OO; L BY, OO, 1. BX and points X and Y are distinct.

Let the projections of O1, O, O,, R onto line AC be K, L, M, N, respectively; these are the
midpoints of AY, Y X, XC and AC, respectively. As KL = %fﬁ) = W, the projections of
vectors @ and m; onto AC' are equal, which shows that the trapezium O;0,RO is indeed
isosceles. Il

Claim 1.2. Triangles O1O9R and Y X () are similar, and their corresponding sides are parallel.

Proof. We show that Z0,0.R = ZXY Q. Notice that OO, is the central line between circles
BY X and BUCX, so it is perpendicular to the common chord BX. Furthermore, BQ) 1L RO
and RO || O10,. Hence, the sides of angles Z00,0; and ZX B(Q) are perpendicular. Together
with the symmetry of the trapezium O;0, RO and by angle chasing in circle BXQY, we get

/0,0.R = /00,0, = /XBQ = /XYQ.

It can be shown similarly that ZRO>,0, = ZQXY.
Hence, the two triangles are similar with same orientation. As O;0; || XY, the other two
corresponding pairs of sides are also parallel. O

Now, in order to solve the problem, consider the homothety that maps triangle O10sR to
triangle Y X Q. Points K,Y, X, M lie on segment AC' in this order, so 010y = KM and Y X
have the same direction, and |010:| = |KM| > |YX|. Hence, the ratio of the homothety
mapping 0102 R to Y X is positive and less than 1.

Lines O1Y, 02X and R(Q meet at the homothety centre, so the homothety centre is the
intersection of lines O1Y and O, X, which is point D. As R is mapped to (), we conclude that
@ lies on segment RD, which completes the solution.

Solution 2. We will prove that lines RD, RB, RO, and the perpendicular bisector of AC
form a harmonic bundle.

We construct rectangle AVUC like in the first solution.

On circle BXY, let B’ be the point diametrically opposite to B, and let O’ be the centre of
circle BVU. Note that B cannot lie on line UV, as otherwise both quadrilaterals AV BY and
BUCX would be rectangles so X and Y would coincide. By O'V = O'U, point O’ lies on the
common perpendicular bisector of VU and AC.
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Claim 2.1. Points D, B',O, B, O are collinear, and
DO BO
50 ~ B0 (with directed segments). (1)

Proof. Point O is the centre of circle BXY, so O is the midpoint of the diameter BB'.

Segments UX, VY and BB’ are diameters in circles BUCX, AVBY and BXB'Y, respec-
tively, so we have ZUBX = /Y BV = /B'XB = /ZBY B’ = 90°. Therefore, both BU and
B'X are perpendicular to BX, and both BV and B’Y are perpendicular to BY. From the
rectangle AVUC we know that VU || XY. Hence, the triangles B'Y X and BV U have parallel
sides.

Consider the homothety that maps triangle Y X B’ to VUB. The homothety centre is
UX nVY = D. The homothety maps vertex B’ to vertex B, so point D also lies on line BB’.
The same homothety maps the circumcentre O of triangle Y X B’ to the circumcentre O’ of
triangle VU B. Therefore O’ lies on line DO, and hence B, B’, O, D and O’ are collinear.

Finally, the fractions in equation (1) are equal to the ratio of the homothety. O

Since RO L RO', the problem statement is equivalent to the bundle (RO, RO’; RB, RD)
being harmonic. By (1) we have

DO  B'O BO

DO~ BO'  BO"

SO

, B , _ BO DO _
(RO,RO';:RB,RD) = (0,0':B.D) = 2= : 5= = 1,

as required.
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Let ABC be a triangle with /B > ZA > ZC. Let € be the circumcircle of tri-
angle ABC'. The lines tangent to () at points B and C intersect at P. Lines BP and AC
intersect at F. Lines C'P and AB intersect at F'. Let D be the reflection of point A in line
EF'. The circumcircles of triangles DEB and DFC intersect again at () # D. Lines DP and
BC intersect at Z.

Prove that points A, Z and () are collinear.

Common remarks. All angles in the solutions below are oriented anticlockwise and ZABC
denotes the angle between lines AB and BC' when measured anticlockwise. For two lines ¢ and
m, the angle Z (¢, m) will denote the anticlockwise angle of rotation that makes ¢ parallel to m.

Solution 1. Let the line tangent to € at point A meet line BC' at G. By Pascal’s Theorem,
applied to the degenerate hexagon AABBCC, points E, F, G are collinear.

F

Let K = BCn DE, L = BC n DF, and X = BC n AQ. The idea of this solution is to show
the following equality of cross-ratios:

(G,X;B,C)=(G,X;K,L). (+)
Then, with points Yp = EF n DX and Yp = EF n PX, we have
(G.Yp; E,F) 2 (G, X; K,L) = (G,X; B,C) = (G,Yp, E, F),

so Yp = Yp, and the lines DXYp and PXYp coincide. Hence, X = Z, which completes the
proof.
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First, notice that K lies on circle DC'F'(), and analogously L lies on circle DBE(Q), because
LKDF = /FAF = /BAC = /BCP = ZKCF.
Second, @ lies on circle ABC, because
/BQC = /QBL - /QCK = /QDL - /QDK = /KDL = /FAE = /BAC.
Third, X is on circle DGQ, because
LGXQ =/LCBQ - LAQB = ZCBQ — LGAB = ZLDQ — ZFDG = LGDQ.
Now consider the 4-tuples of lines (DG, DX, DL, DK) and (QX,QG,QB,QC). We have
/(DG,DK) =—-/(GA,EA) = -/Z(QX,QC),
where the second equality holds because GA is tangent to circle AQC. Similarly
Z(DG,DL) = —Z(QX,QB).

Moreover, Z(DG,DX) = —Z(QX,QG), since Q, D, X,G are concyclic. These equal angles
ensure that (DG, DK, DX, DL) and (QX, QC, QG,QB) are pencils with pairwise equal angles
(with opposite orientation). Hence we have equal cross-ratios

(G,X;B,C) = (QG,QX;QB,QC) = (DX, DG; DL,DK) = (X,G; L,K) = (G, X; K, L),
which completes the proof.

Comment. After proving QDXG,QDKC and QDLB are cyclic quadrilaterals, we can prove the
equality of cross-ratios (G, X;B,C) = (G, X; K, L) in a different manner. Let T be the intersection
point of lines DQ and BC'. By power of point, we obtain TQ -TD =TB-TL=TC-TK =TX -TG.
Thus, the inversion about a circle with centre T and radius 4/T'Q - T'D maps the points G, X, K, L
to the points X, G, C, B respectively. Since inversion preserves cross ratios, we obtain (G, X; K, L) =
(X,G;C,B) = (G, X;B,0).

Solution 2. Let the tangent to {2 at point A intersect line BC' at point G and let lines DE
and DF intersect line BC' at points X and Y respectively. We define ' # A as the second
intersection point of line AZ with €2. We will prove that @’ lies on the circumcircles of triangles
DEB and DFC, and hence @' = Q.

Since line GA is tangent to €2, we have AGAB ~ AGCA, hence

GB GB GA AB
GC~ GA GO~ Ac*

Similarly, EA/EC = BA?/BC? and FB/FA = CB?/CA% By the converse of Menelaus’
Theorem for triangle ABC we conclude that the points F, F, G are collinear.

Let line AP intersect 2 at point K # A. Since G lies on the polar of P in 2, P lies on the
polar of G in 2. Hence line AP is the polar of G in €, so line GK is tangent to (2 at point K.
Let line GQ' intersect 2 at point R # @’. Then

RA> RG  RK?
Q' A2 B Q'G - Q/KQ’

so ARK @' is a harmonic quadrilateral in , that is (A4, K; @', R)q = —1. Similarly, (C, B; A, K)q =
—1. Let lines BC' and EF intersect line AP at points L and J respectively. Let lines DP and
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EF intersect at point V. Let lines AG and AR intersect line D P at points S and V' respectively.
Projecting, we have

(S, P Z,V'\pp 2 (A, K;Q,R)gq = —1
and
(S,P;Z,V)Dp g (A7P;L7‘])AP g (EaFaGM])EF é (CyB7A7K)Q =—1

hence V = V', so A, R,V are collinear. Now
L7ZDG = /VDG = LGAV = LGAR = LZAQ'G = £LZQ'G

so D, Z, G,Q" are concyclic.

We will now show that BY DE and C'F X D are cyclic quadrilaterals. Note that
/DYB=/FYB=/FBY —/BFY =/ABC —-2/AFFE

and
/DEB=/DEA—-/BEA=2/FFEA— (/BAC — ZACB)

so since LZFEFA+ LZAFE = /FAF = /BAC and LABC = /BAC + £ZACB, we conclude
/DY B = /ZDFEB. Thus BY DF is cyclic, and likewise, CF X D is cyclic. Finally,

/DQ'B=/DQZ+/ZQ'B=/DGZ + LAQ'B
— /DGZ + /GAB = /DGZ + /FDG = /DY B,

so BY D@’ is cyclic. Likewise, CX D@ is cyclic. Together with the fact that BY DE and
CFXD are cyclic quadrilaterals, we conclude that Q' = @), so Q lies on line AZ. This concludes
the proof.
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Let ABC'D be a cyclic quadrilateral with circumcircle 2 such that CD > BD > BC.
The tangents to 2 at B and C meet at a point S. A line £ is called coastal if:

e ( does not pass through A,
e / intersects ray SD at a point X, beyond D, and

e there is a circle tangent to line ¢, line X,A, segment SB and segment SC.
Prove that there is a circle that is tangent to 2 and all coastal lines.

Solution 1. Let K be the pole of SD with respect to €2, and let U be the second intersection
of KA with €.

Consider a coastal line £. Let w denote the circle tangent to ¢, X,A, SB and SC. Since w
is tangent to segments SB and SC, there is a dilation p centred at S sending w to . Let Y
be the image of X, under p. Then the images of X;A and ¢ under p are tangent to €2, so let
these touch 2 at E and F respectively.

Since K is the pole of X,D, it lies on the polar FF of Y. Hence the intersection J of AF
and UF lies on X,D since it is the polar of K. Let UF intersect ¢ at L. Let v be the dilation
centred at U sending F' to L and let I be the image of {2 under this dilation. Then ¢ touches
I' at L and €2 touches I" at U. Hence it suffices to show that I" is a fixed circle, that is, that %
is constant. Indeed, by the parallel lines, there is a dilation around J sending triangle X, AL

to triangle Y E'F', so AL is parallel to EF. Then % = %, which is constant.
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Solution 2. We will find a fixed point U on Q and a circle I' (not dependent on ¢) such that
(2 touches I at U and ¢ is tangent to I'.

Let the tangent to €2 at A meet line SD at V and let the other tangent from V touch (2
at U. Let I" be the circle which is tangent to €2 at U such that the centre O of I' lies on the
perpendicular from A to SD. Let r denote the radical axis of I' and the point circle A. Since
VU = V A it follows that V is on r. Also, » must be perpendicular to AO, so SD is the radical
axis of I' and the point circle A.

Fix a coastal line £. Let w denote the circle which is tangent to ¢, X,A, SB and SC. Let
VU intersect X,A and ¢ at (Q and R respectively.

Claim. X;A+ AV = XyR+ RV.

Proof. Let ¢ be the excircle opposite X, of triangle X,QR. By Monge’s Theorem applied to 9,
w and 2, V A is tangent to 6. Hence by Pitot’s Theorem, X,A + AV = X;,R + RV. OJ

Let L be the point on ray X,R such that X,L = X,A. Then
RL = X,L — XyR = X;A— (X;A+ AV — RV)= RV —UV = RU.

Hence, there is a circle I'y tangent to RL at L and RU at U. Since X,L = X,A, X, is on the
radical axis of I'y and the point A. If I', and I" are the same circle then ¢ is tangent to I', as
required. If they are different circles, then by the Radical Axis Theorem between these circles
and the point circle A, the point X, lies on the radical axis VU of I'; and I', hence X, = V.
But then the circle tangent to line X,A and segments SB and SC'is w = {2, which means that
¢ is the other tangent VU from X, = V to Q). This means that ¢ is tangent to I', as required.

Comment. Solution 2 can be adapted to a generalisation of the problem where A is replaced by a
circle internally tangent to 2 and the line XyA is replaced by a line through X, tangent to this circle.

Comment. If we modify the diagram in such a way that all points and circles are on the same side
of §Xy, then we can interpret it as a picture in the hyperbolic half-plane model, where SX, is the
horizontal axis. Then the problem can be solved as follows:
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The rays SB and SC' are hypercycles with same ideal points, so the (hyperbolic) distance between
them is some constant d. Then the two circles € and w inscribed between these lines have diameter
d. Similarly, the distance between hypercycles XyA and £ is equal to the diameter of w, which is d.
Finally, the distance between ¢ and A is d, so ¢ is tangent to the circle I’ of (hyperbolic) radius d
around A. Since Q) has (hyperbolic) diameter d, and A is on €2, it follows that I' is tangent to €.

This solution can be rephrased in more elementary terms, for example using cross ratios or
trigonometry to define the hyperbolic distance between hypercycles (which are lines in this prob-
lem). Moreover, these elementary versions of the solutions can apply directly to the problem as stated,
where line SX, intersects with circle 2.

Uses of hyperbolic geometry to solve Olympiad-style problems have been discussed for example in
G. Kos: Térbe kiléps bizonyitdsok VI — Allandé tdvolsdgi gérbepdrok (3D lifting proofs VI — Curve
pairs with constant distance), KéMaL 70/3 (March 2020), pp. 130-141, in Hungarian, available at
https://epa.oszk.hu/03400/03409/00025/pdf/EPA03409_komal_2020_03_130-141.pdf.
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Number Theory

Let n and k be positive integers such that n < k < 2n. Suppose ay,as, ..., a, are
positive integers such that 2% + 22 + ... + 2% is divisible by 2" — 1.
Show that at least three of ay, as, ..., a; have the same remainder when divided by n.

Solution 1. Since 2°7" = 2% (mod 2" — 1), the conditions and conclusion of the problem are
thus unchanged when each a; is replaced with another positive integer congruent to a; mod n.

So we may assume that each a; is contained in {0,1,2,...,n — 1}, and it suffices to show that
three of the a; are equal.
Suppose for contradiction that no three of ai,as,...,a; are equal. Then
0<2M 42%24...2% <21 +2+---+2" 1) =2(2" - 1). (1)
If the second inequality were an equality, then each element of {0,... n — 1} would appear
twice among ay, ..., a, contradicting k£ < 2n. Thus both inequalities of (1) are strict.

Since 2" — 1 divides 2%t 4 2%2 4 ... 2% we then have
200 4202 4. 2% = 2" — ] (2)

For i € {0,...,n — 1}, let ¢; be the number of a; equal to i. Then ¢g+ -+ ¢,_1 = k, and
we have assumed all ¢; < 2. Equation (2) then becomes

o2’ + 12t + g2 =20 - 1 (3)

We prove by strong induction that ¢; = 1 for all i. As 2" —1 is odd, considering equation (3)
mod 2 implies that ¢y is odd. As 0 < ¢y < 2, we have ¢y = 1. Suppose that cg=---=c,_1 =1
for some 1 < s < n — 1. The first s terms of equation (3) then sum to 2° — 1, and reducing
mod 257! then yields

2° — 14 ¢,2° =—1 mod 2°7',  which implies 2°%' | 25(1 + ¢,).

Thus ¢, is odd, but as 0 < ¢, < 2 then ¢, = 1. By induction then all ¢; = 1 as claimed.

Therefore, exactly one of aq,as, ..., a is equal to i, for each i € {0,...,n — 1}, and we have
k=cy+ -+ cn_1 = n, contradicting k > n.
This yields the desired contradiction, and three of aq,...,a; are equal.

Comment. The strong induction above can also be achieved by subtracting the first s terms from the
left hand side of equation (3) and then dividing by 2°. The first s terms sum to 2° — 1 so this yields

Cs+ Cop12V + - ep 2V =0 1,

Asn—s =1, the right hand side is odd, so considering this equation mod 2 yields ¢; = 1. By induction
then all ¢; = 1 as claimed.

Solution 2. First note that for nonnegative integers a, b, we have 2¢ = 2° mod 2" — 1 if and
only if @ = b mod n. Indeed, if a = jn + b for j € Z then 2% = (2")7 - 2° = 2° mod 2" — 1; and
20 21 . 2" 1 are distinct mod 2" — 1.

Suppose for a contradiction that for each i € {0,...,n — 1}, there are at most two j €
{1,...,k} such that a; = ¢ mod n. For r = 0, 1,2, let B, be the set of i € {0,...,n — 1} such
that precisely r of the a; satisfy a; = i mod n, or equivalently, 2% = 2° mod 2" — 1. Let
b, = |Br|
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The B, form a partition of {0,...,n — 1}, so by + by + by = n. For each j e {1,... k}, a; is
counted in precisely one of the B,, and each B, counts rb, of the a;, so by +2by = k. Subtracting
these two equations gives by — by = k — n, so from the given inequalities, 0 < by — by < n.

The given condition 2% + .- + 2% = () mod 2" — 1 is then equivalent to

D124 >12:27=0 mod 2" — 1. (4)

i€B1 1€EB>o

On the other hand, as the B, form a partition of {0,...,n — 1},

D2 Y2 Y2 =204 427 =0 mod 2" — 1. (5)

1€Bo i€B; i€Bo

Subtracting (4) from (5) yields

D127= 312" mod 2" 1. (6)

i€Bo 1€Bo

As By and B, are subsets of {0,...,n — 1}, the left and right sums of (6) are both at most
20 ... 42771 =927 1. Thus the two sums are equal, or they are 0 and 2" — 1 in some order.
If one sum of equation (6) is 0 and the other is 2" — 1, then By, By are ¢ and {0,...,n— 1}
in some order, so by — by = +n, contradicting 0 < by — by < n. So the two sums are equal.
The two sums of equation (6) then yield binary representations of the same integer, so
By = By. As By, B, are disjoint then both are empty, so by = by = 0, contradicting by — by > 0.
This yields the desired contradiction, and three of aq,...,a, are congruent modulo n.

Solution 3. Denote by (a), the remainder when a is divided by n, that is, the number in
{0,...,n — 1} such that {a), = a mod n.

As in Solution 1, 2% = 2° mod 2" — 1 if and only if ¢ = b mod n. In particular, 2(¥n = 2¢
mod 2" — 1.

For a nonnegative integer ¢, define

f(t) _ 2<a1+t>n + 2<a2+t>n 4t 2<ak+t>n

so f(t) =282 + .- 4+2%) =0 mod 2" — 1. As ¢ varies over {0,1,...,n — 1}, {a; + t), varies
over the same set, so

n—1
ikt 90 p ol gt =2
t=0

We then have

n—1 n—1
Z f(t) = Z (2<al+t>n + 2<G/2+t>n + .. + 2<ak+t>n) _ k (2n . 1) '
t=0 t=0

As each f(t) is a positive multiple of 2" — 1, and k < 2n, there exists t € {0,...,n — 1} such
that f(t) = 2" — 1. For this ¢, and for each i € {0,...,n — 1}, let ¢; be the number of a; such
that {a; +t), =i. Then ¢g+ -+ + ¢,_1 = k, and

ft) =2’ + 2" 4+ 427 =27 — 1 (7)

We now proceed as in Solution 1.



84 Sunshine Coast QLD, Australia, 10t"-20" July 2025

In an n x n board, for each 1 <4 < n and 1 < j < n, the cell in the i*" row from the

bottom and ;' column from the left contains ged(i, j) leaves. A koala travels from the bottom
left corner to the top right corner. At each step, the koala moves up or to the right by a single
cell. The koala eats the leaves in each cell it visits, including the bottom left and top right
cells.

Determine the maximum number of leaves that the koala can eat.

Here ged(x,y) denotes the greatest common divisor of integers x and y.

. . 2 _
Answer: The maximum number of leaves is %

Solution 1. By alternating between upward and rightward steps, the koala visits the n
diagonal cells, eating 1 +2+ - - -+ n leaves, and the n — 1 cells immediately above the diagonal,
eating one leaf in each. The koala eats a total of

n(n—i—1)+ n? +3n — 2

n—1=

14+24+---+n)+n—-1)= 5 ;

leaves.

We now show that the koala cannot eat any more leaves. Consider the numbers ged(i, j)
and ged(i+1, 7). They divide ¢ and i+ 1 respectively, but ¢ and ¢+ 1 are coprime, hence ged (3, j)
and ged(i+1, j) are coprime. As ged(i,j) and ged(i + 1, j) are coprime and both divide j, their
product divides j, hence ged(i + 1, 7) ged(7, j) < J.

The function f(z) =z + £ for x € [1, j] is maximised when z = 1 or z = j. Indeed,

f<x>—<j+1>=<x—1>+(i_j) N BN it V1l ) SO

x x x
with equality if and only if x =1 or x = 5. So we have
J

———<J+ 1
ged(i, j)

ged (7, ) + ged(i + 1, 7) < ged(i, j) +

Similarly, ged(é, j) + ged(i,j + 1) < i + 1. Letting E(i,j) = ¢j these inequalities become
ged(i, j) + ged(i + 1, ) < E(i + 1, j) — E(i,j) + 1,
ged(i, j) + ged(i,j + 1) < E(i,j + 1) — E(i,7) + 1.

Suppose the koala visits cells (1,1) = (i1, j1), (2, J2), - - -, (i2n_1, Jon—1) = (n,n), in order. At
cell (i, j;), the koala eats ged(iy, j;) leaves. The above inequalities imply

ng(itajt) + ng(it+1aJt+1) < E(it—i-lajt-i-l) - E(itajt) + 1,

hence

2n—1

o cd(1,1) 4+ ged(n,n 12
Z ng(lt,]t>:g ( )2g ( ) 5

Z (ged(ir, i) + ged (i, 1))

n—i—l

N

1% .
t3 Z (its1, Jer1) = Elig, ji) + 1)

n+1+2n—2+E(n,n)—E(1,1)
2 2 2
n?+3n — 2
2

as required.
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Comment. The upper bound can be proved using ged(i,j) + ged(i + 1,5) < j + 1 and ged(7, j) +
ged(i,j + 1) < i+ 1 without using the function E. Award the koala a score of 7 + 1 if it moves right
along row 4, and a score of j + 1 if it moves up in column j. Letting S be the total score, the number
of leaves eaten is at most (S +n + 1)/2, since every cell is counted twice except the first and last cells
(which are counted once).

Starting from (i, j), an up move followed by a right move gets the same score of i + j 4+ 2 as a right
move followed by an up move. All possible paths of the koala are related by such changes, so the total
score is independent of the koala’s path; it is n? + 2n — 3.

Solution 2. After showing the koala can eat % leaves as in Solution 1, we now show the
koala cannot eat any more leaves.

Say that the koala starts at time ¢t = 2 in cell (iz, jo) = (1, 1), stepping to cell (i, j;) at time
t. Each step is up or to the right by a single cell, so i; + j; =t for all integers 2 < ¢ < 2n. Let
g: = ged(iy, j;) be the number of leaves eaten at time t.

As iy + j, = t, we have g, = ged(t, j¢). So g; is a divisor of ¢, and as j; < t, we observe g, is
a proper divisor of . Hence g, < t/2.

We now show, for integers k such that 2 < k < n, the inequality

G2k—1+ gor < K+ 1. (1)

Suppose for contradiction that gop 1 + gor = k + 2. Using ¢, < t/2 we have g9, < k and
Qok—1 < k‘, SO gok—1 = 2 and Gor = 2.

Without loss of generality assume that the move at time 2k is upwards, so ior = t9p_1 + 1
and jox_1 = jor. As in Solution 1, ged(s, j) ged(i + 1,5) < 4, 80 gor—_192r < jor- Now expanding

(gok—1 — 2)(gor —2) = 0 yields gog—192 = 2 (gor—1 + gor) — 4.

Using gor_192r < Jor and our assumption gop_q1 + gor = k + 2, we obtain jo, = 2k. This is a
contradiction as j; < ¢ for all ¢, proving (1).
Now we obtain the desired inequality:

n 2 .
th—92+2 9ok—1 + Gok) Zzl :%'

Comment. The inequality (1) also applies to each pair gog,gort1, and a similar argument shows
gor + gor+1 < k+ 1. In fact one can show by a similar argument that, in general,

.. . . 1+
ged(i, j) + ged(i + 1, 7) < { 2‘7} + 1.
This inequality can also be proven using similar arguments to Solution 1. If one of the gcds equals
1, we can use ged(a,b) < (a + b)/2. Otherwise, we can use the fact that = + j/z is maximised when
x =2 or j/2 to get ged(i,j) + ged(i + 1,7) < j/2 + 2.
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An infinite sequence aq, as, . .. consists of positive integers, each of which has at least
four positive divisors. For each n > 1, a,,,1 is the sum of the three largest proper divisors of a,,.
Determine all possible values of a;.

A proper divisor of a positive integer N is a divisor of N other than N.

Answer: The initial term a; can be any positive integer of the form a; = 12 . 6N, where M
and N are nonnegative integers such that ged(N, 10) = 1.

Solution. Throughout, by divisors we mean positive divisors. Let d;(a) be the i*" largest
proper divisor of the positive integer a.
First we show each term of the sequence is even. Otherwise, if a,, is odd for some n, then

a1 = di(@,) + da(@n) + da(@n) < T+ P+ < a

Since a,, 1 is the sum of three odd divisors, it is also odd. It follows that we have an infinite
strictly decreasing sequence of positive integers, providing a contradiction.
Next, we show that if a, is not divisible by 3, then a,; is not divisible by 3. We consider
two cases: a, divisible by 4 or not. If a,, is divisible by 4, then
an  ap

(nt1 = o + n + dz(a,) =3 - % + ds(a,) = ds(a,) #0 (mod 3).

On the other hand, if a, is not divisible by 4, let p be the smallest odd prime divisor of a,,.
Then d,(a,) = % is odd, da(a,) = % is even, and ds(a,,) = any1 —di(a,) —da(ay,) is odd. Then

dS‘EZ 3 must be the second smallest even divisor of a,, so must be 2p, hence

an, a, a a, a a
(i1 2+p+2p 2p+2 2;é (mod 3)
Thus, if a, # 0 (mod 3) for some n, then a,.1 # 0 (mod 3). In this case we have

a1 = di(ay) + dafan) + dy(a) < T+ F <

so we have an infinite strictly decreasing sequence of positive integers, a contradiction.
We have now shown that each term of the sequence is divisible by 6. Therefore

Qn Qn Qn Qn Qn

di(a,) = 5 dy(a,) = 3 ds(a,) = 1 or T or 5 Yn=1,223,---

There are three cases for each a,, as follows.

(i) If a, is divisible by 4 then a1 = % + % + % = % e

(i) If @, is divisible by 5 but not divisible by 4, then a, 1 = % + % + % = 3. 4,. However
in this case a,,1 is odd, so this case in fact never happens.

(iii) If a,, is not divisible by 4 or 5, then a,, = 4 + % + % = a,.

Note that in all cases a,11 = a, and y(a,y1) < a(a,). As 1a(a,) is a non-increasing
sequence of nonnegative integers, it must be eventually constant. As v5(a,41) = v»(a,) only in
case (iii), then eventually only case (iii) applies. Thus the sequence a,, is eventually constant,
and there exists L such that a;, = ar,1 = ---. The eventual value ar, is divisible by 6, but not
divisible by 4 or 5, so ar, = 6K where K > 0 is coprime with 10.

Choosing L to be minimal, we have v5(a;) > va(ag) > -+ > a(ar) = 1. Sofor1 <n < L—1,
case (i) applies, a, is divisible by 4 and a, 11 = % - a,. Therefore a; = 1247 1. =T is of the
form a; = 12 -6 - N, where M > 0, N > 0 and N = K /13171 is coprime to 10, as claimed.

On the other hand, for such a;, we have a; = 12M*1=%k . 13¥=1 .6 N for 1 <k < M + 1, and
a1 = api2=---=6-13"-N.
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Comment. Another way to show that the sequence a, is eventually constant is to define a function
f such that f(a,) is decreasing. One such function is a totally multiplicative f: Z~q — R~ defined

on primes by
f(p) = p for prime p # 13,31, f(13) =12 —¢, f(31) =30 —,

for small positive e. One can analyse the ratio f(an+1)/f(an) and show it is never more than 1. The
range of f is well-ordered, so f(a,) is eventually constant, as is a,. One can then work backwards to
find possible values for a;.

Comment. An alternate version of this problem is to prove that the sequence is eventually constant,
instead of finding all possible values of a;.
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Let Z-( be the set of positive integers. Determine all functions f: Z-y — Z such that
for every n € Z-(, and every positive divisor d of n, there exists a positive divisor e of n such
that n divides d + f(e).

Answer: The only such function is f(n) = —n.

Solution 1. If f(n) = —n, then given n € Z-( and a divisor d of n we can take e = d. Then
d+ f(e) = d+ f(d) = 0 is divisible by n, so f(n) = —n is indeed a solution.

In what follows, when we refer to divisors we are only considering positive divisors. Given
a function f satisfying the conditions of the problem let S, be the set of pairs (d, e) of divisors
of n such that n | d + f(e).

Claim 1. For every divisor e of n, there exists at most one divisor d of n such that (d, e) € S,.

Proof. Suppose d; and dy are such that (d,e) € S, and (dg, e) € S,,. This means n | d; + f(e)
and n | dy + f(e). Subtracting gives n | d; — dy. As 1 < dy,dy < n, we get dy = ds. ]

The condition of the problem says that for every divisor d of n, there exists a divisor e of
n with (d,e) € S,. As the number of divisors of n is finite, this fact, together with Claim 1,
shows that .S, is the graph of a bijection from the set of divisors of n to itself.

Given a positive integer n and a divisor e of n, we denote the unique d such that (d,e) € S,
by X, (e).

Claim 2. The function f is injective.
Proof. If f(a) = f(b), then X,p(a) = X4(b) contradicting injectivity of X. ]

We will prove by strong induction on the number of prime divisors of n (counted with
multiplicity) that f(n) = —n.

Suppose we have proved the inductive hypothesis for all values of n with fewer than k
prime divisors for some nonnegative integer k. If m has k£ prime divisors, we will prove that
f(m)=—m.

Set n = m in the condition of the question. Our inductive hypothesis implies that f(e)+e =
0 for all proper divisors e of m, so X,,(e) = e. As X,, is a bijection, X,,(m) = m. Hence
m | f(m).

Lemma. If m has k prime divisors and f(m) # 0 then f(m) = —m.

Proof. Let p be a prime number coprime to f(m). Let d = X,,,(m). If p | d, then p | f(m), a
contradiction. Hence d is a divisor of m. By the inductive hypothesis X,,,(e) = e for all proper
divisors e of m. As X, is a bijection, this implies X,,,(m) = m. Therefore p | f(m)+m. This
is true for infinitely many primes p, so f(m) = —m in this case. O

Thus we have reduced to considering the case where f(m) = 0. Let p be a prime not
dividing m. If d is any proper divisor of mp not equal to m, by the lemma, either f(d) = —d
or f(d) = 0. Since f is injective, f(d) = —d for all such divisors of mp. This determines X,,,
completely, and in particular X,,,(mp) = m. So mp | f(mp) + m.

Since f(mp) # 0, we can let ¢ be a prime coprime to f(mp). Consider X,,,,(mp). As ¢
does not divide f(mp), Xp,(mp) cannot be divisible by g. Hence X,,,,,(mp) is divisor of mp.
The lemma above applies to all divisors d # mp of mp. That is, f(d) = —d or f(d) = 0.
As f(m) = 0 and f is injective, for all divisors d # m,mp of mp, we have f(d) = —d and
Xnpq(d) = d. Therefore, X,,,,(mp) is either m or mp.

As mp divides f(mp) + m, mp does not divide f(mp) + mp. Hence mpq does not divide
f(mp) + mp. Therefore X,,,,(mp) = m and ¢ divides f(mp) + m. As this is true for infinitely
many primes ¢, we have f(mp) = —m. This contradicts the injectivity of f as it holds for
infinitely many primes p.

This completes the inductive step of the proof, showing that f(m) = —m. We have now
shown that f(n) = —n for all n by the principle of mathematical induction.
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Solution 2. Proceed as in Solution 1 until the third last paragraph. We are assuming for
contradiction that f(m) = 0 and f(d) = —d for all positive integers d with fewer prime divisors
than m. We have already deduced that if p is a prime not dividing m then mp | f(mp) + m.

Consider mp® | f(mp) + X,,,» (mp) for a positive integer k. Since p | f(mp) + m, it follows
that X,,«(mp) is a divisor of mp* which is not divisible by p. So it is a divisor of m. But
X,pv(d) = d for all proper divisors d of m. Hence X, «(mp) = m and mp* | f(mp) + m.
This is true for all k, so f(mp) = —m. This is true for infinitely many primes p, contradicting
injectivity.

This completes the inductive step. Therefore f(n) = —n for all n.

Solution 3. Proceed as in Solution 1 until the end of Claim 2.
Lemma. For every m, either f(m) =0 or f(m) = —d for some divisor d | m.

Proof. Suppose for contradiction that f(m) is not of one of these forms. Let p > m + |f(m)]
be a prime and let d | pm such that mp | d + f(m).

o If pfdthend|m. Sol|d+ f(m)] <m+ |f(m)| <p,and d+ f(m) # 0 by assumption.
Hence d + f(m) cannot be divisible by p.

e If p| dthen p| f(m), a contradiction unless f(m) = 0.

In both cases we have a contradiction. ]

We now show that f(n) = —n for all n. Suppose for contradiction that n is minimal with
f(n) # —n. So f(d) = —d for all proper divisors d | n. Hence f(n) = 0.

Let p be a prime such that p{n. Then pn | f(n) 4+ pn since f(n) = 0. Let m | pn such that
pn | n+ f(m). Note that n # m and n | f(m). If d is a proper divisor of n then n 1 f(d) = —d.
So m t n, which combined with m | pn gives p | m.

By the lemma, n —pn < n + f(m) <n. Son+ f(m) is only divisible by pn if f(m) = —n.
By injectivity, m is independent of the prime p. But this implies that m is divisible by infinitely
many primes, which is a contradiction.

Therefore f(n) = —n for all n.
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The sequence of triples of pOSitiVG integers (CL(), bo, C()), (CLl, bl, Cl), cey (CL2025, b2025, 62025)
satisfies
(@ig1, bit1, Civ1) = (Clz‘ + ged(bs, i), bi + ged(cy, ai), ¢ + ged(ay, bz))
for 0 < i < 2024.
Determme the smallest possible value of asgas.

Here ged(z,y) denotes the greatest common divisor of integers x and y.

Answer: The smallest possible value of aggs is 3 - 22025/3 = 3. 2675,
Solution. To see that asps = 3 - 257° is possible, let (ag, by, co) = (3,5,6). A straightforward
induction then shows that, for any integer 0 < k < 674,

(a3k> b3k7 C3k) = (3 : 2k7 5 2k7 6 - 2k)
(@341, bshe1, Canar) = (4-2F, 828 7. 2F)
(asi+2, bks2, Caps2) = (525, 9- 2%, 11.2%)

so that agges = 3 - 2675, We must show that any starting triple (ag, by, co) yields asges = 3 - 2675,
For positive integers a, b, c, let

fla,b,¢) =a+ ged(b,c) and F(a,b, c) = (f(a, b,c), f(b,ec, a),f(c,mb)),

0 (@ji1,bit1,¢Cit1) = F(ag, b, ¢;) for all 0 < ¢ < 2024.

For any positive integers b, ¢, k we have gcd(k:b7 kc) = kged(b,c). Hence for any positive
integers a, b, ¢, k we have f(ka, kb, kc) = kf(a,b,c) and F(ka, kb, kc) = kF(a,b,c).

We call a triple of positive integers m-even if it contains precisely m even numbers. Since
F(2a,2b,2c¢) = 2F(a,b,c), we observe that if (a,b,c) is 3-even then F(a,b,c) is also 3-even.
One can also straightforwardly check that:

e if (a,b,c) is 0-even then F(a,b,c) is 3-even;
e if (a,b,c) is 1-even then F(a,b,c) is 2-even;
e if (a,b,c) is 2-even then F'(a,b,c) is O-even.

Thus for any positive integers a, b, ¢, we have F(3)(a, b, c) is 3-even.

Let w; be the largest integer n such that 2" | ged(a;, b;, ¢;), i.e. w; = vo(ged(a;, bi, ¢;)). Note
that, in particular, ged(a;, by, ¢;) = 2.

Let (a;,b;,¢;) = 2%i(al,bl, ) where al, b, ¢, are positive integers. It now follows that

10 Yo 7, 29 Y40 1
) .
(@is1,bi1, Civ1) = 2V F(al, b, ), so w41 = w; for all 4.
Moreover, w; 3 > w;, since (a;y3, biys, cip3) = 29 FO)(al, b}, ), and F)(a], b, ) is 3-even.

Since w;, 1 = w; and w; 3 > w;, from wg = 0 we find that wq, wy, w, are all at least 0, then
w3, wy, ws are all at least 1, and in general we observe that wsy, w31, w3keo are all at least k.

We then have

2024 2024
2025 = Ao + Z ged(by, ¢;) = ag + 2 ged(ag, bi, ¢;)

=0 =0
2024 674

> g+ )| 2% = ag+ Y (2U 4 2kt 4 QU2
=0 k=0
674

>ag+ Y 328 =ap+3 (2 —1).
k=0

As 29202 | qog95 and wogos = 675, then 257° | agpes. Combining this with the above inequality,
we obtain asges > 3 - 267 as claimed.
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Comment. The lower bound can help motivate finding the construction. We want ag = 3 to be the
smallest entry, with exactly one even number among by and ¢g. Starting with (3,4, 9) also works.
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For positive integers n and k, let fi(n) denote the remainder when n is divided by

2% — 1. A positive integer n is grouse if

(a) Prove that there are infinitely many grouse numbers.

b) Prove that there exists a [)()sitive integer M such that there are at most M 20252025
g
grouse numbers less than M.

Solution for part (a). It suffices to show that for any positive integer k, we can find a grouse
number which is at least 2% — 1.

Given positive integers k and m, we iteratively construct a sequence xj,xy 1,...,T1 as
follows. Let zj, = (28 — 1)m, and for i < k, let z; be the smallest multiple of 2/ — 1 such that
Ti 2 Tiy1-

Lemma. Starting from any positive integers k and m, the resulting x; satisfies
2F —1)m <o < (28 = 1)(m +1).

Proof. The lower bound follows from z; > zy = -+ = x;, = (2 — 1)m. For the upper bound,
note that z; < ;1 + (2° —2) foreach 1 <i <k —1, s0

k—1
m<ap+ (20— 2) =a + 28— 2k < (2P~ 1)(m +1). ]

=1

The lemma also applies starting from any x; for 1 < ¢ < k, that is, with &k replaced by 1,
and m replaced by m’ such that x; = (2' — 1)m/. We then obtain the same x;, z; 1,...,7;, and
conclude that (2 — 1)m’ < xz; < (2° = 1)(m/ + 1).

We claim that, starting from any positive integer k with m = 1 (that is, starting with
xp = 2% — 1), the resulting z; is grouse. By the lemma, fi(z1) = 21 — (28 — 1) = 2, — 2;.
Applying the lemma starting from z;, we have fi(x;) = x; — (2 — 1)m’ = z; — x;. Since
r1 = T9 = - -+ = x3 this implies

fi(@1) < folwr) < fi(o1) < -0 < fiolm).

Now for all £ > k, we show that f,(x1) = x1, implying x; is grouse. Since m = 1, the lemma
gives 7y < (28 —1)(m +1) =2(28 — 1), and 2(2%F — 1) < 2M1 -1 <2 — 1. As 7y < 2 — 1 then
fe(x1) = 1. Hence z; is grouse, as claimed.

For this grouse z; we have x; = z;, = 2¥ — 1. So for any positive integer k we have found a
grouse number which is at least 2 — 1, as desired. ]

Solution 1 for part (b). We first prove the following claim.
Claim. Let k be a positive integer, and suppose n € [2F,251) is grouse. Then n > 2F+1 —3.2F/2,

Proof. Let x), = 2F — 1, and consider y, 2p_1, . .., 21 as constructed in part (a). As2F—1<n <
281 we have fy(n) <n— (28 — 1) = n — a3, that is, 7 < n — fi(n). We now use downwards
induction on ¢ to show that for each 1 <17 < k, we have

z; <n— fi(n). (1)

We have demonstrated the case i = k; now consider i < k and suppose ;.1 < n— fir1(n). The
number n — f;(n) is a multiple of 2° — 1 and, as n is grouse, n — f;(n) = n — fi;1(n) = z,.1. By
definition of x; then n — f;(n) = x;, completing the induction.
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On the other hand, we claim that
x; = 2k+1 _ 22 o 2k+lfi + 1= (22 o 1)(2k+17i o 1) (2)

for each positive integer ¢ such that k/2 < i < k. This is clear when i = k; we proceed again
by downward induction, considering i < k and supposing x;,; = (271 — 1)(2*=" — 1). Then

(2Z _ 1)(2k+1—i o 1) — L1 = (21 o 1)(2]€+1—i _ 1) o (2i+1 o 1)(2k—z o 1) — 21 _ 2k—i‘

As k/2 <i<kthen 0 <2 —2F1 <20 -1 So (20 —1)(2¥!7* — 1) is the smallest multiple of
2" — 1 which is at least x;1;. Combining (1) and (2) and letting i = [k/2] then yields

n 2 n— f[k/Q] (n) 2 x[k/Q] _ 2k+1 _ 2[k/2] _ 2k+17[k)/2] + 1’
and it remains to show that the final quantity is at least 2¥*1 — 3. 2%2 or equivalently,
IF/2T 4 ok H1=k/2] < 3. 9k/2 4 1,

When k is even, say k = 2¢, we have 2¥/21 4 ok+1-[k/2l — 3. 9¢ — 3.9k2 When k is odd, say
k =20 — 1, we have 2[F/21 4 ok+1-[k/2] — ol+1 — 9,/9. 9K/2 The claim then follows. []
The claim shows that the number of grouse numbers in [2*, 2¢+1) is bounded above by 3-2%/2,

Let M = 2°*! for an integer b to be determined later. Then the number of grouse numbers less
than M is bounded above by

b
3 b1 3 b+l
3y 2= (2% 1) < 25"
k; V2-1 V2-1
The last expression is smaller than M /2025%°?° if and only if

3.920252025 b1
a1 A

The base of the exponent on the right hand side is larger than 1, so this is true for sufficiently
large b, completing the proof of (b).

Solution 2 for part (b). Let us call a residue class r modulo d cooked if n = r (mod d)
implies that n is not grouse. It suffices to find an M such that at most 2025 2925M residue
classes modulo M are not cooked.

Lemma. For any positive integer k, there are at least (2%;*1) residue classes modulo (22¢~1 —

1)(2%*1 — 1) which are cooked.

Proof. Let i,j be integers such that 0 < j < i < 22! — 2. By definition, if n is such
that for_1(n) = ¢ and for.1(n) = j, then n is not grouse. Using the well known fact that
ged (20 —1,2° —1) = 28°4(@b) 1 we know that ged (221 —1,22k+1 1) = 28cdh—12k+1) 1 — 1,
As 2261 _1 and 2%+ —1 are coprime, we can apply the Chinese Remainder Theorem to show
that for any pair of integers (4, j) there is a unique residue class r mod (2%~1 — 1)(2%+1 — 1)
such that r =4 (mod 2?*"! — 1) and r = j (mod 2?**! — 1). Therefore for each pair (i, j) such
that 1 < j <i < 2%°1 — 2 there is a corresponding residue class 7 mod (221 — 1)(2%*! — 1)

which is cooked. There are (2%;_1) such combinations for ¢ and 7, and the corresponding

(2%_21_1) residue classes mod (22%=1 — 1)(2%*! — 1) are distinct and cooked. O
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If the integer n is grouse, it is not in a cooked residue class for any modulus d. Therefore,
the Chinese Remainder Theorem implies that if there are a; residue classes modulo d; which
are not cooked for 1 < ¢ </, and if the d; are all pairwise coprime, then we have that at most
Hle a; residue classes modulo M = Hizl d; are not cooked. Phrased differently, if the fraction
of residue classes modulo d; that are not cooked is a;/d;, then the fraction of residue classes
modulo M are not cooked is at most Hle a;/d; .

Using this, we find a suitable set of d; which satisfy the bound. Define a sequence recursively
by k1 = 2 and

ki = [ (2 — 1)(2k; + 1).

Let ,
Ml _ 1_‘[(22]{7;71 o 1)(22/€¢+1 o 1)

We will show this satisfies the conditions for (b) once ¢ is chosen sufficiently large so that
(19)F < 2025720%,

It is easy to see that 2k — 1,2k + 1,2k — 1,2ky + 1,...,2k; — 1,2k, + 1 are pairwise
coprime. Hence, again using the fact that ged(2® — 1,2" — 1) = ged(28°4(@Y — 1), we see that
(22ki—1 — 1)(22kit1 — 1) are pairwise coprime for 1 < i < . Furthermore, for k > 2,

222 _1 1 7 3 1

= > >
22+l 1 8 2%+ —1) " 31 11
Hence the fraction of residue classes modulo M which are not cooked is at most

: ) I
v —2025
1_[ (1 - (22]61‘*1 _ 1)(22ki+1 -1 ) 1_[ < 92ki+1 _ 1) < (ﬁ) < 2025 ,

i=1

and we obtain the desired bound.
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Let Z-o denote the set of positive integers. A function f : Z.g — Z-q is said to be
bonza if

f(a) divides b* — f ()’

for all positive integers a and b.
Determine the smallest constant ¢ such that f(n) < c¢n for any bonza function f and any
positive integer n.

Answer: The smallest such constant is ¢ = 4.

Solution. We first show that ¢ = 4 is a valid bound. Note that f(n) = n is a solution to the
functional equation and trivially satisfies f(n) < 4n for all n. We will now assume throughout
that there exists an integer m such that f(m) # m.

Substitute b = a into the given condition. Then f(a) | a* for all a. In particular, if p is
prime, we see that f(p) is a power of p.

Claim. If p is prime and f(n) # n, then f(p) =1 or p|n— f(n).
Proof. Substitute b = n and a = p in the statement. If f(p) # 1, then as f(p) is a power of p,
we have p | f(p) and hence

pln?— f(n)/®.

By Fermat’s Little Theorem, n? =n (mod p). As f(p) is a power of p, we also have f(n)f®)
f(n) (mod p). Therefore p | n — f(n).

Now if ¢ is a prime such that ¢ > |m — f(m)|, then using the claim with p = ¢ and n = m,
since ¢ f m — f(m), we have f(q) = 1. In other words, for sufficiently large primes ¢, f(q) = 1.

We now claim that for any odd prime p, f(p) = 1. By the previous paragraph, any suffi-
ciently large prime ¢ satisifes f(q) = 1. For such a ¢ we have f(q) # ¢, so using the claim with
n = q, we have f(p) =1 or f(qg) =q¢=1 (mod p). If we additionally have ¢ # 1 (mod p), then
we can conclude f(p) = 1. But there exist infinitely many primes ¢ such that ¢ # 1 (mod p):
this follows immediately from Dirichlet’s Theorem on primes in arithmetic progressions, or can
be proven directly (see comments). Taking ¢ to be such a prime (that is, with ¢ > |m — f(m)]
and ¢ =1 (mod p)), we conclude f(p) = 1.

For any n € Z~q, we have f(n) | n", so every prime divisor of f(n) also divides n. However,
if ¢ is an odd prime divisor of n, substituting @ = n, b = ¢ and f(g) = 1 in the problem
statement yields

LI

fn) [¢" =1,

so ¢ is not a divisor of f(n). Hence the only prime divisor of f(n) is 2. So for all n € Z~,, f(n)
is a power of 2. Moreover, if n is odd then f(n) = 1.

Let a = 2%y where x = 0 and y is odd. Then f(a) = 2* for some z = 0. We claim z < z + 2,
which implies f(a) < 4a as desired. For any odd b we have f(b) = 1, and the problem statement
yields

27| b*Y —1, ie. b*Y=1 (mod 2?).

Now ¢(27) is a power of 2, and y is odd, so there exists a positive integer ¢ such that yc = 1
(mod ¢(2%)). Letting b = 5°, we obtain, by the Fermat-Euler Theorem,

1=0b""Y = (5%)* =5 (mod 2°).

But 52" — 1 = (52%1 + 1) <529H — 1), and repeatedly factorising differences of squares yields

5 _ 1= (52“"1+1) (52“+1>---(52+1)(5+1)(5—1).



96 Sunshine Coast QLD, Australia, 10t"-20" July 2025

As each 52 +1 =2 (mod 4), we have v, (52k + 1) = 1 and hence vy (5 — 1) = z + 2. Since

27| 5% — 1 we obtain 2z < z + 2. Hence for all n € Z~,, f(n) < 4n , as desired.
We now show that no constant better than ¢ = 4 is possible. Define f(n) by

1 if nis odd,
f(n) =<2 ifniseven and n # 4,
16 if n =4.

We verify the condition on f directly, for all values of a.
e If a is odd then f(a) = 1 and the condition f(a) | b* — f(b)/(®) is immediate.

e If a is even and a # 4, then f(a) = 2, and the condition becomes 2 | b — f(b)%. By
construction of f, b and f(b) have the same parity, so the condition holds.

e If a = 4, then f(a) = 16 and the condition becomes 16 | b* — f(b)'6. If b is even then
f(b) is also even, so b* and f(b)'® are both divisible by 16. If b is odd then b* — f(b)'® =
b* —1=(b—1)(b+ 1)(b® +1). The three factors are all even, and b — 1,b + 1 differ by 2,
so one of them is divisible by 4. Hence b* — 1 is divisble by 16, as required.

Thus this function satisfies the condition, and as f(4) = 16, the value ¢ = 4 is optimal.

Comment. The solutions to the functional equation are f(n) = n for all n; f(n) = 1 for all n; and

fn) = {1 if n is odd,

29(n)  if n is even,
where 1 < g(2) <2 and 1 < g(n) < wva(n) + 2 for n > 2.

Comment. We can prove that for any odd prime p there exist infinitely many primes ¢ # 1 (mod p)
without using Dirichlet’s Theorem.

Assume for contradiction that there are finitely many such primes ¢q. Let N be the product of all
of them. Consider the number pN — 1. Note that ged(pN — 1,¢) = 1 for all primes ¢ such that ¢ # 1
(mod p). So all prime factors of pN — 1 are congruent to 1 (mod p). But this implies that pN —1=1
(mod p). So 2 =0 (mod p), a contradiction.

Comment. The statement v (52z — 1) = x + 2 can also be proved by lifting the exponent:

(5 — 1) =5 - 1)+ +1) +1n@") - 1=2+1+x—-1=z+2.
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Prove that there are finitely many prime numbers p such that

e p — 8 is a perfect square, and

e for all odd positive integers k < ,/p, the number p — k? has at most two distinct prime
factors.

Solution. Let p = n? 4+ 8 be such a prime. So p is odd and p > 8; indeed p > 11, and n is odd.
Then 3 < /p, and setting k = 3 we observe p —9 = (n + 1)(n — 1) is the product of at most
two distinct primes. Since p is odd, one of these primes is 2. So (n + 1)(n — 1) = 2%¢® for some
odd prime ¢ and nonnegative integers a and b.

Since n is odd, ged(n — 1,n + 1) = 2. So {n — 1,n+ 1} = {2971 2¢"} or {2,297 1¢*}. The
latter case implies n = 3, which gives the solution p = 17. Hence n — 1, n + 1 coincide with
20¢=1 24" in some order. We consider the two cases separately.

Case 1: n =21 4+1=2¢"—1.

If b =0 then n = 1 and p = 9, which is not prime, so we may assume b > 1. Then
202 =" —1=(¢g—1)(1+q+---+¢ ). Sol+q+---+¢" !is apower of 2, and as ¢ is odd,
it has the same parity as b. Since the only odd power of 2 is 1, if b is odd then b = 1. Thus
b=1orbiseven. If biseven, 272 = (¢”2 + 1)(¢"? — 1). So ¢*> + 1 and ¢*? — 1 are powers
of 2 which differ by 2. Hence ¢”? = 3, so n = 17 and p = 297, which is not prime. So we may
assume b = 1.

From b =1wehave 21 +1 =2¢—1,50 ¢ = 2*2+1. If a = 2 then n = 3 and p = 17, which
is a solution. Hence we may assume a > 3 and ¢ is a Fermat prime (an odd prime one more
than a power of 2). If an odd integer d > 1 is a divisor of a —2, then letting a—2 = de we obtain
q=2%+1=(2¢+1)(2¢0=1 —2¢(4=2) 1 ... 2¢ 1 1) contradicting primality of ¢. So a = 2¢+2
for some nonnegative integer ¢, and ¢ = 2% +1. If ¢ > 4 then 2 2 = 2% = (2162 " =12"" =1
(mod 17) by Fermat’s Little Theorem. So n = 2!+ 1 = 3 and p = 0 (mod 17). Hence
p = 17. Otherwise ¢ < 4, leading to only 4 possibilities for a, and hence for n and p, including
the solutions p = 89 and 1097.

Case 2: n =201 —1=2¢" + 1.

If a is even then ¢* = 2972 — 1 = (2(@/2=1 4 1)(2(@/2=1) — 1), So two powers of ¢ differ by 2.
These must be 1 and 3, which does not lead to a solution. Hence we may assume a is odd and
a = 3. (We could prove that ¢ is a Mersenne prime similarly to the previous case, but it is not
necessary. )

Lemma. For all but finitely many n, there exists a prime divisor r of n such that r < \/n and
p is a quadratic residue modulo 7.

(Note that as n is odd, the divisor 7 is also odd. And since p = n? + 8, the lemma applies
for all but finitely many p.)

Proof. If v | n then p = n? + 8 =8 (mod r). So 2 is a quadratic residue modulo r if and only
if 2-22 = 8 = p is a quadratic residue modulo 7.

Case 2a: a — 1 is not a power of 2.

Let s > 1 be an odd divisor of a — 1. As a — 1 is even, s is a proper divisor of a — 1. Then
2% — 1 divides 27! —1 = n and 2° — 1 < y/n. Let r be a prime divisor of 2° — 1. Since 2571 = 2
(mod 7) and s + 1 is even, 2 is a quadratic residue modulo r, hence so too is p.

Case 2b: a — 1 1s a power of 2.

Let a — 1 = 2¢ for some nonnegative integer d. If d >4 then n =21 —1 =22 -1 =0
(mod 17) by Fermat’s Little Theorem. So 17 | n, and 6> = 2 (mod 17), so 2 (hence also p) is
a quadratic residue modulo 17. For all but finitely many n we have 17 < y/n and d > 4. For
such n we may take r = 17. O
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Excluding the finitely many n from the lemma, we thus obtain an r as claimed. There then
exists a positive integer m < r such that m? = p (mod r). Since r is odd, replacing m with
r —m if necessary, we may assume m is odd.

Again excluding finitely many n (hence p), we may assume n > 25. Using n > 25 and
n = r?then p = n?> +8 > n? > 2502, As m < r then p > (5r)? = (4r + m)%.. Then
p—m?%p— (40 —m)?,p — (4 + m)? are divisible by 2, r and no other primes. Considering
greatest common divisors, we have:

1. ged(p — m?,p — (4r — m)?) = ged(p — m?, (4r — m)? — m?) | 8r(2r —m),
2. ged(p —m?, p— (4r + m)?) = ged(p — m?, (4r + m)® —m?) | 8r(2r + m),
3. ged(p — (4r +m)%,p — (4r —m)?) = ged(p — (4r + m)?, (4r + m)? — (4r —m)?) | 16rm.

Since r and m are odd, the highest power of 2 that divides any of these gcds is 16, and
the highest power of r that divides any of the geds is 7. Therefore, at most one of p — m?,
p— (4r —m)?, p — (4r + m)?, is divisible by 72, and at most one is divisible by 32. Therefore
at least one of them must divide 16r. Hence the smallest among them is at most 167, that is,
p— (4r + m)? < 16r. As m < r are both odd we have r — 2 = m, so 5br — 2 > 4r + m, hence
p—(5r—2)2 < p—(4r+m)* < 16r. So p < (5br —2)? + 16r < 2572, contradicting our previous
bound p = 2572
Therefore, there are only finitely many p satisfying the given conditions.

Comment. It can be shown, using similar arguments to those above, that the only primes p satisfying
the given conditions are 17, 89, 233 and 1097. This requires numerous arithmetic verifications.

Comment. There are various ways to show that any prime r | p — k? must be relatively large. The
crux of this problem is deriving a contradiction by finding a small prime which divides p — k? as in the
lemma.

Comment. Since the two cases involve equalities 272 = ¢® — 1 and 2272 = ¢® + 1, when b > 1 they
can be dealt with using Catalan’s Conjecture.



